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Abstract

This report summarizes the results of research performed under Gran t
- AFOSR-74-2601 for the period September 1, 1973 to August 31, 1978. The re-

- 
, 

search was concerned with problems in communications theory, information the-

ory and coding theory . The report contains a short summary of the various re-

• search topics as well as the full text of the publications which have appeared

concerned with this work .
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I. In t rod u c t ion

This is the fina l technica l report summarizing research conducted under

Grant AFOSR-74-260l sponsored by the Air Force Office of Scientific Research

for the period September 1 , 1973 to August 31, 1978. Four interim scientific

reports were submitted summarizing research during each of the first four years

of the grant. The work was performed at the University of Massachusetts, Amhers t,
Massachusetts.

The work was primarily concerned wi th problems in communications theory,

information theory and coding theory. A short summary of some of this work is

given in section II. Many problems were treated and in almost all cases the

results were published in journals or were presen ted at conferences . The third

section of this report consists of a compendium of these journal articles and

conference papers . The fourth section of this report consists of abstracts of

Ph.D. dissertations which were supported under this grant .
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II. Summary of Research

One area of research i n  which work was conducted is that of source coding i
which has applications in data reduction for effic ient transmiss ion or storage

of information . In particular, this work concentrated on the efficient repre-

sentation of the output of several information sources where the information

from the sources are correlated with one another . In a previous paper (Slep ian

and Wolf , “Noiseless Coding of Correlated Information Sources,” IEEE Transactions

on Information Theory, vol. IT-19, pp. 471-480, 1973), it was shown that two cor-

related information sources CX and Y) could be separately encoded at rates

= H(X) and R
y 

= fI (YjX) and that these encoded message streams could then be

decoded to the original message streams with arbitrarily small error probability .

The techniques used in obtaining this result were found to be applicable to se-

veral new problems in data reduction . The details of these problems and the re-

su l ts obtained are summarized in papers given in Section I I I .

A second research problem considered in depth is the applications of com-

munication theory and information theory to automating the function of a techni cal

controller. The general problem is to monitor the performance of a communication

system in order to assess its reliability and to identify and isolate marginal or

faulty links .

One application of information theory to this problem is as follows . As-

sume that an error correcting code is used at a rate below the capacity of the

channel. Furthermore, assume that the decoder does not need to know the channel

parameters in order to decode. Then if the code is such that a small decoding

error probability results , the decoder also has a good measure of the reliabi lity

of the link since jt can monitor the number of errors corrected. This is the

- —— - ~~~~~~ - — —— —— — —-~~~-~~~~~~~~ —— — • - ——-~~~~~ •.—- —— , .—~~~——~~~~~~~~~~~~
— • ,——
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cas e even though the decoder does not know (a priori) the transmitted sequence.

This technique should be contrasted with  a t echni que whereby t ra f f ic  is disrupted

and a spec ial tes t signal transmitted in order to measure the reliability of the

channel. H
Another method of automatically estimating the error probability in a di-

gital communications system by observing only the received signal was studied.

This method had the following characteristics: 
—

(a) It did not require the transmiss ion of any tes t sequences nor did it

require the messages to have any particul ar format . —

(b) The error rate could be estimated on short sequences that possibly

did not contain any errors .

This system is based upon a performance monitor ing unit (PMU) that was proposed

by D. J. Gooding (“Performance Monitor Technique for Digital Receivers Based Upon

Extrapolation of Error Rate,” IEEE Transactions on Communications Technology,

Vol. COM-16, No. 3, June 1968, pp. 380-387).

A comp lete system including a modulator, channel simulator , receiver and

PMU was designed and constructed on four printed circuit boards . The total cost

of the system was approximately one-hundred dollars .

The system was calibrated during test runs whereby measurements made by

the PMU were compared with actual error counts . After calibration , the system

was run for various levels of signal to noise ratio and excel lent correspondence

was found between the predicted error rates and actual error counts.

A new method was found for achieving maximum likelihood detection of the

q
k code words in a (n,k) linear block code with symbols from GF(q). This method

can utilize soft decisions . The complexity of the method grow s exponentially

-‘ ..-_ ..••i —
~~ _ • ~.‘J -
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with the number of parity symbols rather th an with the number of message symbols .

This method was successfully applied to various types of fading coimnunications

channels

A particular application of the Chinese Remainder Theorem to the design

of fault tolerant computers has been investigated. A bri ef s1nnma~.y -of this work

follows .

The basic theory to be used is the following : Let in1, in2, . . .,  m~ be

L positive integers that are relatively prIme in pairs . Let “I” be any non-
L

negative integer less than in = II in .. Then “I” can be uniquely reconstructed
i=l 1

from its remainders, r , r , . . . ,  r where I = Q. in. + r . 0 < r. <1 2 L 1 1  1 — 1  1. —
± = l,2,...,L.

An example is given in the following table for m
1 

= 2 , m2 = 3 and in3 =

i r~ [ r2 ] r3 r1 [ r~ j r3

0 0 0 0 
- 

15 1 0 0

1 1 1 1 16 0 1 1
2 0 2 2 17 1 2 2
3 1 0 3 18 0 0 3

4 0 1 4 19 1 1 4
5 1 ‘ 2 0 20 0 2 0
6 0 0 1 21 1 0 1

7 • 1 1 2 22 0 1 2
8 0 2 3 23 1 2 3

9 1 0 4 24 0 0 4

10 0 1 0 25 1 1 0
11 1 2 1 26 0 2 1

12 0 0 2 
- 

27 1 0 2
13 1 1 3 28 0 1 3
14 0 2 4 29 1 2 4 

~~~-
•
~~~ - • - 

~~~~-- —---~~~~ -- ~~~~~~~~~~~~~~ - - - ~~ - ~~~~~~~~~~~~~~ ~~~~



_ 
~~ --~~~~~~~~~ ‘~~~~ -~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -—-
~~~

- -
~~~~~~

-

~~~~~

-

~~~~

- -! 

~~~~~~~

-

~~~~~~

- -

Ii. 
-5-

a An important corollary to this theorem is: - ;

Ii- Let S be a subset of the integers m 1, m 2, inc . If I is an integer in

the range 0 < I < ~ in., then I can be uniquely reconstructed from the remainders
- - — - i=S 1

corresponding to the m~ in this subset. 
-

To see th at this is the case cons ider the previous examp le where in 1 = 2 ,

in 2 = 3, m3 
= 5. Then we can consider three sets S as follows :

Ii S
1 

= {m~,m2
} S2 (m 1,m~

} S3 = {m 2,m3}
— 

I T
2 :‘ :~ :2

1 1 1 1 1 1 1 1 1

— 
2 0 2 2 0 2 2 2 2

3 1 0 3 1 3 3 0 3

4 0 1 4 0 4 4 1 4

5 1 2 5 1 0 5 2 0

9 1 4 14 2 4

Thus given the remainders (r1, r2, r3), any two of these remainders can uniquely

determine an integer I in the range 0 < I < 5.

Finally we consider a second corollary to the Chinese Remainder Theorem:

Let I be a non-aegative integer in the range 0 < I < M. Let

m1 m2 
< . . .  < m~ be positive integers that are relatively prime in pairs . Let

s be the smallest integer such that 
~~ 

m
1 

> M. Then “I” can be uniquely deter-

mined from any s remainders from the set tr1,r2,. . .,rN
) . 

- 
—

~~~~~

- 
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Let s and N be defined as in the previous corollary . Consider the set of

remainders r1,’ 
~
. .. ,r

N 
where now F of these remainders are erased (i.e., are

missing) and T of them are in error. Assume that 2T + F N - s. Then one can

uniquely determine I from the remaining N-F unerased remainders, T of which are —
— in error.

As an example , let

‘ in1 = 97, m2 = 101, in3 = 103, in
4 

= 107 and m5 = 109.

Then if 0 < 1 < 97’lOl = 9797, s = 2, N = 5, and N-s = 3. Then I can be recon-

structed if

(a) one remainde r was in error,

or

(b) two or one remainder are erased.

We now app ly these ideas to fault tolerant computers .

- Let 1~ and 1
2 be two integers in the range 0 < ~~~~ I~ < in = m 1m 2 ..

Then if I~ and ‘2 hav e the remainders

I
~ 

(r113r 12,.. .rlN),

and

12 ~ (r
21,r22,. ..,r2N),

then

~ ~2~m = ((r11 
+ r21 ) , (r

12 + r22) ,..., (TiN ~ 
r2N ) )

and

(:I~ 12)—((r11 
. r2~

) , (r 12 
. r22) ,... (rlN r.

~N
) )

where (x) means x mod y.
— This result has been previously suggested for use in a residue number system

computer. The advantage of such a computer is that addition and multiplica tion

can be very fast. A disadvantage is that it is difficult to compare the magnitude

1~
- - - 

~~~~ ~~~~~~~~~ — - -~-~-~~~~~~~~--.‘- — 
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~ 
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of and 19 from their remainders . We will be interested in considering a

fault-tolerant residue number system computer . Let in1 . . .  < m~4 be pair-

wise prime, and let 0 < 11)12 < M = m
1
m2. . .m , . Consider the two systems shown

below where is a box that does addition, subtraction r multiplication

(perhaps inodulo some integer).

‘
1

Computes I fromComputes remainders from i~ Z remainders

+rlN
• 

r
h

~~~~
2 Tt1~N >

1

t ir.~ 
- 

r~2

J Computes remainders from 12 -

rN

_
~~1

From the previous discuss ion we see that the system below the dotted line will
work if T [~j ‘s produce faulty outputs and F produce no outputs at all where

2T + F< N - s .

The system above the dotted line is the non-fault-tolerant version of the system.

________________________ 
- -- - -- :...~~. ~~~~~~~~~~~~~
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- - Note that one can tolerate twice as many failed ‘S as ‘s that

produce er rors . Thus one can use an error detection code to convert errors in

these boxes into erasures . One such code that w i l l  detect any single carry or

sum error in an adder is to mult iply each remainder by 3. Thus we would go

through the following steps .

a. I~ 
-÷ (r11, r12, . . .,  ri~)

12 (r 21, r22, . . . ,

1-

Encode
4- b .  (r11, r12, . . . ,  r1~) ~ 

(3r11, 3r12, ...,

(r21, r22, . .. , r2~) 
-
~ (3r21. 3r22, ..., 3r~~)

c. I-ore (3r
11 

+ 3r
21)3 

-
~ a1

(3r
12 

+ 3r22)3 a2
Actual results

Addition . may contain errors
4-

(3r lN + 3r
2N)3

d. Calcu late (a
1
)3 

(a2)~ . . .  (aN)3

If (a
~
)3 ~ 0 replace a. by 0 (null symbol) . Otherwise let a. alone.

Call result (a 1, a2 , .  ..~~~~ )

Decode
0 (a.)~~~~0

where a. = 
1

i a.

e. Reconstruct I~ + 1
2 €rom (

a1, a2, . . .,

L 

The procedure will work if

(No. of 0’s) + 2 (No . of incorrect 
~~
.) < N-s .  

-_ _ _

- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
•
~~~~~~~~

-

~~~~~~~~~~ -~~~~~~~
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We have considered various scheme s for coding for mu l t i -u se r  communicat ion

channels.  One such channel is discussed here--the modulo 2 channel.

We consider a multiple access channe l where two users must separately en- —

code information for a common channel. We assume word and bit synchronization

for the encoders but that they are unaware of the information to be transmitted

by the other user. The channel to be considered is a channel which accepts a

pair of binary symbols and produces as its output a binary symbol which is the

modulo 2 summation of the input symbols .

Let and R
2 be the rates of the two users (in bits per channel use). It

is well known that the capacity region of the modulo 2 channel is given by the

equation

O < R
1 

+ R
2

< l .

Furthermore any point on the line 4 R
2 

= I can be ach ieved by time sharing

between two modes of operation where in each mode one encoder transmits uncoded

data and the other encoder transmits all zeros.

An alte rnative scheme exists for achieving the rate pair

(R 1,R2) = (
~~, 

1 - 
~~

.) . An (N ,k) binary cyclic code is chosen as the code for

encoder 1. This code has generator polynomial g(x) and parity check polynomial

h(x) . It is assumed that N is an odd integer so that g(x) and h(x) have no corn-

mon factors .

Let encoder 1 transmit a code word from the (N ,k) binary code and let en-

coder 2 transmit a code word from the (N ,N-k) dual code with generator polynomial

• h( x) .  Let 11(x) be the idempotent for the (N ,k) code and let 12 (x) = 1 + 11(x)

be the idenipotent for the dual code .

The decoder then receives a word of the form

a(x )g(x)  + b(x) h(x) .

— —— — p—~~--—--- ~~~~~~~~~~~~~ ~~~~~à .~~~~~
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- 
- To obtain the code word transmitted by- encoder 1, it multi plies by 11 (x) ,

modulo xN~i .  To obtain the code word transmitted by encoder 2, it multiplies
• 

by 12(x) , niodulo

This scheme is a special case of the following : Encoder 1 transmits

a word from an (N ,k) binary code. A coset table is formed where the coset

leaders form an (N ,N-k) binary group code. The receiver receives a word

in the coset table, say in the ~th row and 3
th 

column . It then decodes to

the ~th code word used by encoder 1 and the ~th code word used by encoder 2.

Let us consider a inodulo 2 channel with errors as the cascade of the

modulo 2 channel without errors and a binary symmetric channel with cross-

over probab ility p. The capacity region for this channe l is given by the

equation

O < R
1 

+ R
2 

< 1 - h (p)

— where h(p) is the entropy function.

One approach to coding for such a channel is to time share between two

modes of operation where in one mode one encoder uses a t error correcting code

(say a BCH code) while the other encoder sends all zeros . In the other mode

the encoders switch roles .

Another approach is as follows: Let g(x) be the generator polynomial

of a binary cyclic code which corrects t errors. Let xN_ i  = g(x )h
1

(x) h
2

(x)

where N is odd so that g(x), h1
(x) and h2(x) have no common factors. Let en-

coder 1 use code words from a cyclic code with generator polynomial g(x) h
1

(x)

while encoder 2 uses code words from a cycli code with geaerator polyno~nial

g(x) h2(x) .

- - - 
~~~~~~~~~~~~~ 
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- - The received word is of the form

a(x )g (x ) h 1(x) + b ( x ) g ( x ) h 2 (x )  + n (x)  = a(x) g(x) + n (x)

The received word can be decoded correctly to a ( x ) g ( x )  if  no more than t errors

occurred in n(x) . The one can find a(x) and b(x) by using the idempotents of

the codes with generators g(x)h
1
(x) and g(x)h

2
(x) .

The advantage of this scheme over time sharing is that if one source is

not transmitting (i.e., the encoder is transmitting all zeros) the error correc-

tion capability of the code increases . For examp le , let N = 63,

g(x) = m
1

(x) m3(x) m
5

(x) m
7(x), 

h
1

(x) = m
9

(x) m
11

(x) m
13

(x) and h2(x) = m15 (x)

m
23

(x) m27 (x) m
31(x) where m .(x) is the minimum function of a1 and a is a primi-

tive element of GF(64). Then g(x) is the generator polynomial of a 7 error cor-

recting code , g(x)h 2(x) is the generator polynomial of an 8 error correcting

code. Thus if both sources are transmitting, 4 errors can be corrected while

if only one source is transmitting the code can correct 7 or 8 errors .

— Several of the papers and presentations in Section III are concerned with

coding for other models of the multi-user channel. In particular , codes were

found for the case where the users are not in word and bit synchronism. Examples

L 
were found where good coding techniques allowed one to transmit at rates higher

than traditional modulation schemes such as time division or frequency division

multiplexing .

A decoding algorithm was developed for terminated rate 1/N convolutional

codes which is based upon an algebraic description of such codes. This algorithm

can be app lied to a received vector with components from the same alphabe t as

the transmitted code word . The algorithm uses the Viterbi decoding algorithm

as an essential step . However, it is simpler than directly applying the Viterb i

• algorithm in the usual manner.

~

. 
- - ..•_.____ —- S — _ — - .--5_~~~5 - . g  •~~

._
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- S The b a s i c  steps in the al g o r i t h m  are as f o l l o w s :

Step 1. A code word which is e a s i l y calculated from the received vector is

subtracted from the received vector leaving a vector which ends in

a stream of zeros.

Step 2. The Viterb i decoding algorithm is applied to the vector formed in

Step 1 resulting in a tentative code word . Since the vector to be de-

coded ends in a stream of zeros , a short cut can be applied to the Vi-

terbi decoding algorithm to produce this code word . 4

Step 3. The code word used in Step 1 is added to the tentative code word found

in Step 2 to yield the maximum likelihood code word .

The savings in decoding complexity occurs in Step 2 where the short cut

• is applied to the Viterbi algorithm . In this step, the full Viterbi decoding

algorithm is applied until one comes to the string of terminating zeros . From

that point, the algorithm immediately produces the t en ta t ive  code word . The ef-

ficiency of this technique depends upon the length of the terminating string of

zeros . We have shown that the length of this string of zeros is no less than

the number of error free digits occurring at the end of the transmission of the

terminated convolutiona l code word.

—— .~~ 5’ — .- - - - -—•--— - S •~ .— —S _S~ -_~• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —5—- 
~~~~~~~~~~~~ 
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III. Publications

The following is a chronologica l list of journal publications and confer-

ence papers . The texts of those with asterisks are included as part of this

section .

* 1. “Data Reduction for Multip le Correlated Sources ,” Proceedings of the Fifth
Colloquium on Microwave Communication, Budapest, Hungary, June 1974 ;
pp. ST-287 to ST-295. (Invited Paper)

* 2. “The Capacity Region of a Multiple-Access Discrete Memoryless Channel Can
In crease w ith Feedback ,” IEEE Transactions on Information Theory, vol.
IT-21 , No. 1, January 1975~ pp. 100-102. (Co-author : T. Gaarder)

3. “Coding for Nonstatioaary Sources,” URSI VIII General Assemb ly , Lima,
Peru , June 1975. ( Invited paper--Co-author: R. Bernal)

* 4 . “The AEP Property of Random Sequences and Applications to Information
Theory, Part 1: Basic Principles ,” “Part It : Single-User Conum.rnications,”
“Part III: Multi-User Communications,” “Constructive Codes for Multi-User
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TIAISACTIONI ON D0O*MAT)ON Th5ORY. JANUA&Y 1975

The Capacity Region of a Multiple-Access Discrete
Memoryless C~h.imeI Can Locresse with Feedback -

N. ThOMAS GAARDER, iavom, ten, AND JACK IC. WOLF,

A~~ee~—Ths opacity i a sMgie.input ula~ls-outps* discrete
s s o i~Iass .5.s~3 is sot Incrensed by the se of a noiseless feelbact
l~~. It Ii ~~wi, by aampl& that this Is not the esas fer a sultipis.
____d

~~

ots m orylen ds~sI~ Thet Ii, It Is sbown that the capacity
pugiss fir ~~~ a chasoel Is ssisrgsd If a noiselen f.~th~ck flak Is

INThODUCTION -

~~annon [I] proved that the opacity of a single-input single-
output discrete menoryless channel is not increased even if the
encoder could observe the output of the channel ‘via a noiseless
delayless feedback link. Recently, Uao [2L and then, Slepian
and Wolf ~3] gave formulas for the opacity reglon of a two-input
single-output discrete mesnorylcas channel with independent
encoding of two source messages After summarizing their
results, we evaluate the performance of a transmission scheme
for this thann ,4 which rijalces use of noiseless feedback links
freen the output to the two encoders. We show that this scheme
yields a vanlei mgIy small error probability for a pair of rates
that lies outside the opacity region.

C*i*ar~ RaoIONs WrruouT FEm3AC~
In this section we summarim the previously published results

concerned with the opacity region of a multiple-acons discrete
mesnorylcea channel without feedback. Consider the t’Iock
dii&am shown in Fig. 1. Two sources are described by a two-
diInerLsOnal rate vector R (R1,.R2) with nonnegative com-
ponents. Let N be a fiaed positive integer. Every N tune units,
~~~ ~~ j~~~~

1 produce a pair of statistically independent random
variables (U2,U2), where U, is uniformly distributed over the

of integers (1, 2,..., M1 11~~1) ~ .f~, 1 1,2.. Here
Ixl is the ~~~lIest integ er seater than or equal to x.

The d~~nnd is described by a conditional probability do- -

tribution of the output random variable T (which takes values
p* 3’) grven the inputs X1 — x 1 eX 1 and X2 — x2 ef 2. We
denote this conditional probability distxibution F~~,~~(y I x1x3).
The ~4~~imr( is assu~~~ menoxyless in the usual sense. That is..
the conditional probability distribution for N-vectors is equal to
the product of the mii~ izial conditional probability distributions.
1ba encoders ale a pair of deterministic mappings from the sowon
outputs to ~1~ nnrl input N-vectors. The mappings are such that
~~the sowen produce the pair (U1 - 4  U2 - f)  encoder 1
psoduon the N-v~~or x15 e (S,)” , which depends only an 4
and ~~zider 2 produces the N-vector ~~ e (Xe, which depends -
aalycuJ.

The decoder is a deterministic m apping from the ‘4”an’~~
output N-vectors  to the pair (1 J°), where 1 e • ~~ 2
We denote the demder outputs by the pair of random variab~~(U1•,U3’)

_ _ _  
\~~5

Maa~~~lpe ..... 1..d AprIl 10, 1973; tvvisad July 5, 1974. This ~~rk wss
~~~çI..I1I4 in p~~ by lb. U.S. Air Posy. O~ os of StistiSo ft .sth u~dir .-~Coanses ?44d20-72C-.OOSS.

N. T. Osurder is with thu Unl~snlty O(R* wall. Ho. , Hawaii 96IUZ~3. K. W*jf wto with the Polytechnin I” ~~”” .. of ~ ooklya &~~ lyu. ~Is ~ow with the Uniwssslty of Ma chss*to. Ashem, M~~
‘HssO~~OIth, iotu~ don not rofir to thu .cnsl eases with r Ito R4; is

Tof.I to en ~~~~~~~~~ so~en with the lar~~ rtto N 5  1o I2~~I.. w~~~~ isnospatibas with the block Isith N. This i . d~~ ioy.y. c-oasis of ~he -

~~~aI ea~~~ and ~-‘4~ ’waI divias to add bits who. I_ ...._.17.
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U’2
~.jc(l .2 ~f 2)~ 

______

Flu. 1. Mnlt3$t-s~ccas coinmunicstiot system. 
-

For a given N, rate vector R, a pair of encoders, and a decoder, the same output. Note that the output does not uni qu
we can calculate the probability of error for the code, namely, mine the input. SpecifIcally, the output symbol 2 cc
the probability resulted from either X~ -= 0, 12 = I or = I, x2

F. = Pr [(Os’ � U,) or (U2’ � U2)). - 

will call the output symbol 2 an erasure. Let

A rate vector R is said to be admissible, if for every e > o th ere P51(O) a and F51(O) P.
exists a positive integer N, such that for this N and R, encoders Then the mutual informations that appear in (3) can bet
and a decoder exist for which F, ~ a. The closure of the set of to yield
admissible rate regions is called the capacity region. In less
PreCise words, for every rate vector in the capacity region, t~~~ 

1(~.~ ; Y 1X2) = h(a) = — a  log a — (I — c) log (l
can Create a communications system with arbitrarily small
error probability, and for every rate vector outside the opacity J(X~ V 1,) = h(f l) = — ft log ft — (1 — fi) log (1region, one cannot.

For any three random variables 4, B, and C with joint prob-
ability distributions P41c(a.b,c). the conditional mutual in- 1(11; 12; V) aft log aft — [a(l — fi) + fi (l — a)formation 1(4; B j  C) is defined as

- 
- log [e(l — fi) + P(l — a))

1’A~ B t C  V V V p ‘ b I P4~~(a, b I c )
— z,~ 4JC~

a. ,c og 
P41~.(o I c)P.1~(b I C) 

— (I — aXI — fi) log (I — aXI —

(I)
where all logarithms are taken to the base ~ All three mutual informat ions aie simultaneously m~

Furthermore, let ~ denote the class of joint distributions when a = ft ~ . The capacity region, as given by (4)
Pz,x2,(x,,x2,y) that can be written in the form ‘s then

P1112y(x,,x2,y) ~‘ri ’~.~2~Y I x1, X2)Pz,(x ,)Px 5(X2) (2) C ((R ,,R2) : 0 � R , � 1, 0 � R2 � I,
for all x, e f~, x 2 C f~, and ye ~~~. Denote by R(p1~~~) the 0 � R 1 + R2 � I
set of vectors R = (R ,,R2) such that and is depicted in Fig. 2.

0 s  R, ~ 1(X~; Yj X 2) (3a) -

- TRANSMISSION wim FEEDnACK
0 � R2 ~ 1(12; Y I X ,) (3b)

For the previous example we give a coding technic
0 � R, + R2 ~ 1(X,, X3; Y) (3c) can be u ed wbennoisel sfee backlj njcs are avaj lable f

• output to the two encoders. We will show that using Liwhere the mutual mformations are computed using the Joint •nique we can achieve a vanishingly small error probadistribution (2). The capacity region is then given as rates
convex hull (J R(P5127), (4) R, = R2 = o.~ .

where the union is taken over all probability distributions in~~~ . We note that the pair of rates (R 1,R3) = (0.76,0.76) falls
the capacity region shown in Fig. 2.

Specuic EXAMPLE We assume that each encoder observes the sequence 01
Consider a channel with alphabets f, = = (0,1) ~ 

symbols from the multiple-access channel. The lth outpt
(0,1,2) transition probabilities .‘ first encoder can then depend up~n the first (1 — 1) QU

thechazmelaswell as the value ofj. Similarly,the lthi
P

~
g,r3(O 10,0) — P712 151(l 11 .1) = F~r ,~3(2 1O , I) the second encoder can depend upon the first (1 — 1)

- of the channel as well as the value of I.
~ t~ — 

iet N be a large integer such that (0.76)N is eque
and all other transition probabilities equal to mro. Such a integer K. Then each encoder must transmit one of M = 21
channel is deterministic in that every pair of inputs alwayi yields 2* messages in N uses of the channel. Each encoder first is 

—a ~~~~~~~~~~~ ~~~~~~~._. rn _~~J=_
~~~~~~~~~~~~~~~~ —~~~~ .— .

~
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~
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~
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‘2 DiscussioN

It has been shown that the capacity region of a multiple-access
discrete memoryleas channel can be increased by feedback. An
unsolved problem is to determine the capacity region when
feedback is availab le. One obvious outer bound for this region

.75 1 
~~~~ is to replace the union in (4) by the union over all joint prob-

.5 j abilities that can be written in the form

P1111,.(x1,x2,y) — Priz ,x3(y I x,, x2)F5112(x 1,x2). (14)
-
. it is conjectured, however, that this is only a bound and that, in

general, not all rates in this region are admissible.
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its respective message by sending K uncoded binary digits, which 131 0. Slepian and 3. 
I
K

ed
Woif. “A codiTiI theorem for multiple access

if received correctly would identify ~~~~ 
C WI corre a sources, Ylt. CC

Let us consider the sequence of output symbols corresponding
to this input. From (5), we see that the input is known exactly
whenever the output is zero or one. However, for those positions -
where the output symbol is two , the decoder knows oniy that the
input symbols were complements of each other. Let Q be the
number of positions for which the output symbol was two.
Since both encoders observe the output symbols via a noiseless
feedback link, the encoders know the positions where two
occurred at the output of the channel and also know the other
input sequence exactly. Both encoders can then cooperate to
retransmit those symbols from the first encoder corresponding
to the received erasures. The second encoder’s output need not
be sent since it is known to be the complement of this sequence.

We use the remaining N — K uses of the channel to retransmit
the output of the first encoder corresponding to the erasurea.
Since the encoders can cooperate completely in this endeavor,
they can send 3(1~~~~ different message patterns in these (N — K)
uses of the channel. This transmission is aceomplished by using
the three input pairs (0,0), (0,1), and (1,1), which are received
error free at the receives. -If 2~ ~ 3”~~, the decoder will be able to reconstruct the two
messages without error. If 2~~> ~~~~ we will declare an error.
Although this scheme could be improved upon, we now show
that the probability of error can be made as small as desired by
choosing N large enough.

The probability of error is then -

Pr ( Q >  log2 3(~~~1) — N(0.24) log2 3]. (10)

However, Q isa random variable with mean

— — 0.38N (11)

and variance

— 0,19N. (12)

Thee 
-

Pr ( Q>  (0.24) (log3 3)N] < Pr [IQ — > (0.00039)N]

S — 
(0.19)

I(0.00039)N]2 (0.00039)~N’

(13)

which on be made as small as desired by choosing N large
enough. -
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TIlE USE OF Cl~N~~1ANT ~~ i~ irr IILOCK c~mES Fl l~ T~II- I- ~~t I I  -~~i~ I ~ C~ iAN N ~~L

J . P ieper , R, Reed , .1. Pjø ,Ik 1~~~1 ,!, ~~1I

AESTRAC’! By t } s ’  use of c~ -- 1h’g , a s’ore -u fjcicn t urili —
zatlon of ti lL availab]C time/fre~ ucncy s 1gna 1 i~~

The use of cod ing  to ~r ;-rcve - L 1 t I  Coo~.’Uun ica— opace i~ ri~ de,  Thii h~ I~; ~o an ir~provcd is~vc1 of
Lion o’.e r  t h e  u f l d ’ I ..I L s  r ~C( ’C I I ,L  iC : T r l ~~l ~ S t t O 1 0 V , 1f l ,~ Q I , i 3 t iV ~’ 10 cc 1VVveVVt i o lVa ~ uncoded
dis c’ u’-

~~
ed ,  ] t  is ~,h1.I’,I1 Lli ~~~t 10! t~~ i- IVpp 1f I :~~~i~~ l , d~ v~ rs~ ty SySt(’lI1~i,

CU f lS t —T~~t U~~~I~~’~~~t b l O C k  cc’ des ,uc ~ i~~It ~ i cu I ~-~ ty ~p~~ t o- W ’  ~onsi d~’r a sL’La VC1%0SCj fl IQ3ti (VT1~. sys tcm S’.ls h
pr 1~~I C- , ‘II t~~III~~ .~ of fn:,n~ng ~&,JI CI- s[,’s ~ te  p r e~~I~~: l —  as d l i  F i 1~u r s ~ 1 . H s - r c , t ‘- .~~‘ d a t .~ to ~ e t - .~ Is~ i t  ~ (5!
e d ,  A rcprc-~~cI1 t a t i v c  • ‘x r Imp l I ’ bhOt.~4 t~~~2 t  thi ~ i s  sc ’j ’ 1Vra l cd  d it t O b ) cc k ~~ , ~~~ICt 1 of  k b i  :s, Each
de~;1~tj t1e d u-it ’ of cr~n5tint %.~~ 11 i - t  ( I’U~~~4- r ( : U i t i ~ In a h io,~1( ic t 1 I € j ~ CflC Odi d ~r i o  a block of n b i t s  us 1a~
p e t fO~ V f l C e  i f l i~r ( ’~V S C  I- f sev c r~s 1 ch r I 1 I ~~ iV 5 ’ tO Sn ~ p 1 k) b~ s c k  cod~i .  i~I ’se fl b i ts  ~rc ,~os j g i i- ’d
C O f l V C l V t i O f l a ]  UTVCI’IIC’IJ Hversltv sysu’r- - ; , n cells with in the tivai 1Th1~’ t-igna1ins~ sp .~ c~’, If a

bit is ~V o ft’1 t~~i i ~~ 8 ~Ofle pulse ~s tr3nsoitled
Is’ithin that  c - I l ;  j f  the bi l ~ V, a Z n ’ , nc ~n~rgv
is t rat C~;mi t1 e d . For ~i~~-1~~~it - - , t,’e p i c t u r e  these
p cI~l1s as all I -i ~~ng 1oc-i tc~d t~i~h!i a~~ -J ~~11i:ig c~e
ti!~c slice, Then, c~ rtc~~ cnJi~ g to one code vord ,

The USC of codivIj. in di~ta ~~~~~~~~~~~~~~ sys— a multit- no on/cff kcye’d (~fl’OoK) t--a-.-~ f~-rr~ is gen~r—
t~-r~-~ i’~ today wfd~sp r1 - -~d. Tht~ srsy ~sr- ’~ 1rs~r the atod, in ptzictice , i t  r~ y be nece sti~ i:’~~ ~o scat~ cr
use of ~ S~~flpIe parit y ciI~’ck t~~r dzita ~t-~r~~ e ~nd t~ c ccll- of one codp worrI j~~ bo th ~ i r ~e ~ir ~~
t r~n s r i~ - 1or. on m~~netic tape ~o V~~rY SOP1 S~~~

i i
~~~~~ freq uency in otd~ r ti ob: ,in in dcpcn -~~~~ -~~r~~——

block or C O f l VO I ’ t ) O f l I VI co-~ in~ r~~~Pi nf ques f~’r site !— - -~r tcchniquU is readil y x~~ nie3 to ~hi~ caCe,
l i t I  (I~ II I V IU f l 1C a t~~~~flS 5~s’St 

II~~ ~- , ~~~~~ ~‘(9’ , cedin ’ To tecover the i~sfc r~sit~ on b’~r4- corr~i’o3~-d~ --~
I_ I ~l l 1 !V  a r 1 lot  i v s - T v  un~I4 -ed t ~‘j I n i (u1~ in under — to a r ~:Oj v I~d o J a v c r c r I ’ I 1 o V X ~ TtUn 1 i~~~i l ~~4 ’ IOOd  ~c~~e-Lit~~
W IV t I r ‘SCCI~ J S t 1 C  (- -_I’n~ - V u f l f ( - d t  V ( I I 1  , f f l  t h i s  p~r-~-~. ~~~ ~s emp1~ Iy1’d . The S q - . l T C I J  ~~~~~~~~~~~~~ ~ 4-~f t~~~
b r l i - fJ y  d t scu~-s tI~c’ a~-p 1 i c i t i s ’t~ 0 ~ (1ldifl~~1 in tCS~~II4- I I~~ l_ ~ ~~ thl’ t 4 - : It I i lCd I I  i t  ~ rs cory -~-~-c-~~ ~~~~~ t O
r .J r~ h u ! a r  c o n s t t t  ,- i~- h r  o~~ iI~ c l - I l l -S 4 t o UV t- t he n c t - u s oi a codt- ~ - c r ~i ii re f o rc ~e d ,  ~t ‘~i~t -~
uads -t - w~l t  I ,~ICoL-’- t  ic c t - ,1I’rlI-t . dec 1si~ n var iabl , ’s ~~ t h e n  foraed , ~-r~e for OJ~~I -

Use undcrwat - r  accu - - t  Ic s~Ilj~l V ~i IliI4-I’S I~V T t  iC U  hypc~thcsic  . .  w 1 o re C1c ~l h’ , r ot hesis ~s ,i ‘,,‘ c r ~ in t~~c
lar)y difficti1 ~ pr ob l- .5 t )  !.ho co~:Iun~ caL~ on~ code set. The ds~ci~~i~ n r~ riables 4-re ‘~~r:~e~! b’
engineer, !tlth.’ur,n there . I r ’  nesny aap 1 . -c t s  of 1’ taking t~~e dot pred ict of the code ~~~~ ,,~~th  t:iis
whi ch  mus t be considered j r  thI~ (jl’:; j

~’Ii  of  a cormu,’ni— “~ ctor of squar -d r - i gni t -UIJCS. t IS~ t I
cat ion s y s t e m . th ’ re are  t~’o that a r e  of irsoediat~ rece ived c1Is~~r levels in t I ’ cells corI- e- r~)nd iLC ~~-

m t 1  V s - s t  t -- us t I e r s- . The f i r s t  of  the s c’ ~ s t h e  ones in the hvpoth, ;t~ -~d r-~-~ s- wOr~ ar e added t r —  —

f a c t  t b - It  sultlple proragz~t1’)n paths exis t t h i S  g iv e geLiIc -r ; the other rcapors I- ’4 are i~ nered. Th~ cc~ e
rise to vs u Jtl~- .th fading. Th-ii . in  o rde r  r~~ word c re’ p cr s l in g  tc t he la.’rs’s: c j C c j S j ( -Tl \‘~ ,ia b~~
achieve re l iable  CC~~: s i V 1 I i C a t i , 4-1~ , a h1g~ I orde r  of is chosen en~i the decc’,!ed data  b i t s  d e t e i - t h~ c~d i v e r e f  t ’, - i s  reqt :ired. The second iiepect is Sl at . therc’frcla. ~-e flotI’ that the coTi-~ lexitv ~f th is
due t a  tietio:i ef t i l l - s u r f a c e  an~~/o r  the t i ~ü -~~ ~~t or proced u ro ~ucreases ~~

- the nus sc- r of ~‘ords in the
rece ive p lat f e n - i , Lis e i nd i v idu a l  ~- ath ien .zths are code . Howe-jcr , ~.- iU: :-.c rapid ad’,-a~ cs- s in co~~~et c r
ti me varying. This is~pose~ a random pii:iec cedul~ — r e e h r o l o g - .- , r iax i r iss ] ikel ihclcd decoding of mod~~r e t e —
t ion  upon ~r y  received - ‘e~~- i- - c , ~ o a a g r , i t u c l - :  of ly l a rg o  (k ~ i C )  codes L; already fea sib le  in r an:
which is norra l l  cons n icr ~- c  to be ,:rI -at  enough to real t i r  app l i c a t i o n s .
p r ec l u d e  any phase S e n s i t i \ - u co u c a t i c a s  t e c h n i —  In genera l , : u — l c  a proc~ ~u r e  rec - a~~r~~s V nor—
qucs (c’ . g. , , Thus the baa tc -ri-nigucs nai izat i on  by tI s- veight ( the  r u n~ - r of I— s~e I i :s)
c~~r,~V r ; I l v  pro~- -- - . 1 f o r  u n d e r sa t € r  d , :t a  c- ’ ”’ t h - : a i i on s  of eee)l hv oo r e s i  code C,o rd .  }k-~-c’-- c’r , i f
a r e  o n - ’o f x  - . - - i -9 ( C T -~) I rc- - c uea~v ci; itt ke ina cans t a u t  ~~~~~~ C~~~ -~ I L3C-i • this cc’ :- :1 j a: on is
( F Z Y ) ,  or M — a r ’ -  V S K .  Ti- -sc  ar  s . f  to  r - c - t s c  nj P t— ‘i :t re’ . u i r I - : . I ~~~ 1: , l i t h s I t i on  of  ~~IC

.IV (-fOI’in. I 
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- Figure 1 iloJel of Conn iun i c a t  ions Sy ’~t~’lII

a l l  w ;svefonnc ;  have tin- sonIc I1VI t c ’ signa l po-:er ~ c o c c - t ;c;; t  v c lg ) it  code mus t be n o n lin e ar  as I t  cannot
wh i ch : I i r c I I  I f $ c s  t he  des ign  of t I  t r a n s m i t t e r .  c c c n t a l c ’  t he  a] 1 sero ( i d c r S  i t y )  code word.  !‘t c ch of
Ilowoves , t i l e  r i c u t  s ig n i u i c~ i c ’ , c d , . c t  Il ~I c of cor s ta I :t  cod ing  t h e or y  has bc-en d i r e c t e d  t~~s’ards the s tudy
W eip i l t  codes in  t h i s  CPI 1 I I  l (  ion is rh  t t l I - V of l i n e a r  codes ; h e r e  , s- s b r i e f l y  p resen t  a f e - -

~: g uar u r i ic ’ e a r - - i i ly  ds - t ( ’i-II I I I C - f f e c t iv e  order  of methods  of r c s : c - i t u ;  ~ i r e  eec 5 t a  ;t s ’eiCht  codcs :~~r
dive r s i t y .  allosi orI c t o  tc -~~ advan tage el t l : i c  1-n or v e r k ,

To ccc th is . consldcr first the u~ c of an in genO ra], an ar bitrary block code is fin~ t
a r bi t r o i - y c0d~~, A S — u r I ~ t i n t cod~’ C - lard i~ ~c,e t r a s i s —  s c l c c t e d — — u r . u a u l y on t i c e  basis  c-f some des i red Sc’-
mitt ed as an T flc~K i-- c c v e e e : . :1c c -  cisi mu c :. 1i k 1I i— pert~~, cc c-h ar roinimun d -ic ta nc’ e , weigh t dist il -
hood S I c ’ I I V 4 -’I C f  ~c - r t c v ~- l ;  c- : - - l r~~:: t i i  i - v p t l i e - -uS h u t ion  or , e r d  1 :c: 1 , -‘ron t i l l S  : r i tj 1 i l code , a
~ agi l es t s i l l  o t i I I ’ r  rc’s~.i h 1t ’ ( IIdI i- if s .  ln  the  c o ns t a n t  icc i~~h t  cd lv is l i ’ I -f l  : 1 - S r I  d .
d e c i -  1 1 1 I  Is t’I W s C’II X and some ot i s e r  i - Y p o t h c c c  i ; cJ  cOdc~ 01st’ iii c’ t fic ’d of doing t b  I c’ thvolves  a oc - “1 I
wot d v , t l sc -  otdc ’r  of d i v e r s i t s  is p i v e i l  hs- the t . , c r ~~t e i ~ - c t l o n ,  In  each s’orsi of the original ~scdc.
number of h it positions in wili oh c n nt i i o ’a  a one one b i n a r y  sequellec Is substituted for ‘-cry e c c - t : i ’-

(sitn al crc--i Cv) and ~ c c - n i  I c e  a zr- c c, (no si 4’n,sl c c - c - - - f a - ~- r - a n I  a ‘ l i t  c r c  5,1 seguence is ~eI-s t i —

- ene rgy ) .  T i c ~- .— f ~~ec t i v c ’  o r d e r  of  t i - c - r u t-c in th1 - t u t e d  f o r  every occurrence  of a e r i c ,  T1.e twc ’  so-
— e nt i r e  decc ldis: 1.  process is t fv -  cij n i Ic - Isc i  ob t a ined  queni -, s arc  of t h e s,n c’ length and ~‘eight, The

over 1 1 c c - s - - t  of all  S e c l I  in d i v i d ua l  d i - c t s i - c c s , s c r p : - - ,t  example c o n s ist s  c-i r c ’n l c ing  every ~ero
- This  w i l l  ciIcInCc as t h e  l u - i  cod e word ~ changes v: tb  t he  p:I ir  (0~ ) and I- ’.- I-r’l or,e s,-i th  t he ~- ,
- and t h e  e r r u r i- a te  w i l l  al - I- e r:  jOl lY h1 - t i f f 1  r en t  f o r  ( 1 . 0) .  The c~c i d  l e ngt h  c-ri d r i : -  ircunc d i st  a m - c of

d i f f c - r c - n l .  code voids . i n t I s f i  I s - s i - c . 1c 1J5  T, - r r ’  u - i t s  the resul t i r,~ cc,dc- w i l l  in t h i s  case bc d o u b l c i ;
a p o o t ly  th-c ’i~~n - , I svsr l ’nI  i n  t l c ,t u sc- er ror  S- - r i -  is  the cc1 : ;- h t  w il l  hI-  one ha l f  the  new c- c r,; 5 cn~- : h .

- dependent upon t he  a c t u a l  d a t , m ,  i ,  c.  , tii c’ cens iu n i —  IIIcc t ø i~ ,~ mic , md , cc r c-f rotc words  and henc e  the
I catfons 5V:;i ,r cc-pres ents a flOO—I c - S S  ic ch ,,nnel 231 ic r . cc’nt ,.ni of a code word is 

- in  tho I n f o r m u l t i o n  t i - e c r e t i e  s - c e ,  .\ second ‘sethod is ex p u r g a t i c a ,  l i t  t h i s
However , f o r  a c on s t , an t  “ r i - -bt.  code , t h i s  ‘r cc— tIethci d , f r o m  the i n i t i a l  ccc~e a suh ~ et f s  s e lec ted

- blcis v o n i - h i - : .,  (‘.i c-eri  I-lay two code worth- and — . c o l l s i m s t in g  of a l l  words of a cs’r t s i n  veii-ht.

I 

the  nuiab c- r of b it pusiti oss in wh a I h  ~ c o n t a in s  a Severa l  d i f f c - r e n t  con St an t  weight codes can 1:

- 
one and )~ a zero is t ’n’ 51511’ ,i’ the n t ’m h - - r  of ~- i ~~ a b t e i n ~ d t rc’n one i r c i t j . t l  code by v a r y i n i ’  the
positions in wh i c h  c c c n t a i n ’— a c- e r a  and ~ a One . chos. - n s - c ; c c c t .  U s i : I  t C i s  r i e t h o d , t he  wo:d s i c - c  is

L ‘Ihen , tbs- effective order of d i v e r s i ty  is  r e ad i l y  unchanged , t h e  ,iurbc-r of words in t 1 o code is d e—
shown to he’ t I l t  seine for all code words and is creased , and the 15’ n i n i c u m  d i s t an c e  is at  i ca a t
fu r t h e r  seen re h c s i r , c p i v  onr h a l f  of t h e  n ’ ; :  cr -u :,  the - r i  ~~; 3
di s  t c - cc- of I i ce  c~~cic - . li e’ , :5 o: lv cJ~~ s a . \ : l o l I c c  r - - ‘U-c d of forming a ~ c ’::st - I ICI 

- c- i f -‘ 1 - c c- r I -
~

1 er ~1 d it ’ ’  cxi ,~: i-- u the 5’c’(’ t i l l s  is ; ‘ .-s  d. - n e r i b - -i  I ri.voh c’s rh ,  ‘ c-i —

Co i i  c V I -- i  ç- ro I :1 -ac I r , - whe’: ‘ c- act aIm I 5 1 1  c - h I  5- I t  l os, of a I - c f - ,  S I : C- - i ’  (k~ f, ~~ . 1 nc-c -- - i’ - -

bluc ic ~- -d ,- is ucçd , Iut al -u . ih I ,dr - r c - 1i- -~ h c c - - - . 5 5 4 -  C I I  l i e : -  ;. :5~~.s c rcf Is l x  0 c c  
t he  sy -  S c :’ I- - : c ’ r n l - cn_ c - c c- -~ - c  -. ;~ - -. ~I S c  r I r h  . ‘ - I j r . - - ..~ t .511 r , - d c  v I ,~ml I S~4- - - - - -

I Al though t h e  cots’-:  i~ II t I - - - : 01 1,101 k  cn-~I -s I I’ (I;. s -  oil—zero ‘I: J a l  I—one  words ‘i orc’ of :e,’c 1. - c c ’
good c l c : t :  I . 0 p1 ‘

~~
( Ft tES h , , a  i ’ :  It ‘:e ~ I t e t i  e, , t h e  w~ c y s t  arcs ; r : I , it  t i e  cnic- :uo dc ‘.c- .c;cSc ~~,- c - c c  . .1

cons truction of C o n s i s t  vs - l i l t hioci; c - - 1
~— - has t h e word I -a~’,tn How ever , a l I : ~~ cr d  code Is

r”LIr j c d  1 1 1 1 1 cd ~ l (IL ! I ) f l .  1.1 I I h ~~~ I ch- :t ac -c sc; u—t i hv n 3. i i , s - c c r COUc’ and tin’ f r - i ~~.a t io n 511 a

2 
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coils  ( . I n t  w e l r.1i1 ~~~c l c . I S c , 5 I lliic T ;lrc .Ird cod~’ ~~.I S irrp ly To q u a m c t f f y  t he se  e f fe c t s  , cs ’  consider sr -v
a s-~ - c ’ c t a 1  c ,i’ c’ of t i c -  I -x i~u r h I a t  j , If l  t C C l , I i j h ~ I I 0 .  comaursica t io i ce  sy st e : : s , (- ceb of wh i c h  r equ i re ’  - ;

‘s
_
ct  a n o t he r  tse t f sc s d  of t i r r i l o g ,  I c O n St d l I . t  b~ i c d s ’i d t h  f o u r  t I S I ’S; the  I n f o r m : I t  i c - I ,  t r ao - c f s -r t .h ’.

vi’ I gil t 1,1 c’ck c’,’sh , ’ I nvo I yes; I Ii’ Csiii~~~ I I O I l S I j ait of two Fl r-; t , -,_‘C cons Id ‘‘ c..-u t a n  w it ft p , ’ie c c l  adan c-y .
cods- , ch ic ~ f - “ h i  I cli iii nc-n--I- I l ia r s’ . l’hi i s r i - a l l ]  t a I ii For a bands id ~I, exp :m” ion m ic t or o f 4 , t hen-  ;~i ,
v e ry  la rge  CIIiC . S w h i c h  can f c ~ I t  l i e ; ,  I l l  1 )’ decoded, t h r e e  pc -mus ib l e  c on v c -n t l o : s c :  sy s t u - m n  apn l ic ob l e  to
D~~t ai1s  ai C p m  i- :-c - t c l c -d i t ,  ~i c f c  r encv~ 3 and C . the- u z d c - r . c c - t 1-r  cu -u - m e l .  These - - Ic , 00K w i t h  t oL I r

As an ( Xilfl ~f I l P  ol i’I~It14-i ~~i t l c t - ~~~ t ( ,’CiI(I ~~I I c - I .S , we 1e v . is. of d i v er si ty . VSK w i t h  two l evi- I s  of d i v e r
usc’ lhc ’ f l u  1 irs , (7 ’I , h 2 )  esr c m c d c c  (Sul ,;~ s od~’ as si t lId 10 I C Y  15K c. i t i ,  c: - ’  levs’l~ ef d i - .’c-r. i tv
OI l l i i i t Lii 5’ I I Ib ’ . c m  - ISh I c : : .  of s-e cci dI nt , t-t I CII I t ic — 01-st  cej ia ider two scm ;  Ls ’Imca ecu -loS ’ i ng  ltC c . .IK I rd.fl
cods’,, forII ,s-d I fl~ifl I h i s  c ud , -  Icy IIISIII i s s e . sr  t r , c n s f - i  — n , ism ’ lo n of c - , - c i ~.i - l c d  5 j~ hi bl ack s-uc’odc-J djt,t . di

mat h’i~ an d i - c  - - x p s i s g ; s  t i e : ,  - c  Ci V- ,’it I . , - I Isv . block s~nl) P eon’c j ds .Ti ’iI j ,, t ‘c (48.  1?) cerist ami t
In  t i c  Is ( c i b i  c , W c’ 1 is I I w’cc m ’ - c ’ - , r - - t  er ic ( b c  S~~~l~~c’ cc-, I ih t  ~~ l it o b t a i n ed ~u c t in.’ t o l z iy  code (c i  IC-I - I  j I

In ip or t asm i in  ~ , . C I  i I , ; n ~ E hi- r - e r l c - i s , -c r,c t’ of ch e  r~’— c - r d s - r  of d i v e rs i t y  8); tb1 ot ’Icr is a iiad;c -- cue
s u i t i n g  cOlnI ;un ec: L i on s  s y s i s ’rc . ‘ l f c , -  b an d w i d th  cod s” , f  wor d  l e n g t h  20 ( s - m I e c t i v e  ori , r of diver—
expans ion fact or i- ~ ic - C m e d  as Us- r at io  of th e  ~ i Ly 5). P e r f o rm a n c e  of the-se systems was c a i —
numb er  of b i t - ;  in a code w n i -d t o  t i i s  nucc ,Le- r of cu l n ie d  ui-ssier the  assuapt i~~um ’s of ind~ c ccic d e-cct l a s ~~ f l
fnfvrnc ,itjon bi tS eonvs-yc-d I”. -I  COd,- cc- c - c . !  ncpi I,: and -euaj signal— to—noise rc-tio par signaling, cel l

h enri-  a ms ’ -ZlS,uls  ci tb -  .c I:,:Iu;,z i-s cc! ic- h the use I l l  l i m e  e r r o r  r o t s - 5 , as mcom cui cd in er iu is ’o l en S h i t
the code in er -; ’ms sc-s the i,ansl’,.id til hevt-nd rl,e - m i  - error probribi l it-- verse; s i-~na2-- to—noise ratio pc S
mal ilnIount required to dC is l ( \ ’ -.’ t~ I.- ic c-Ste data t t c - i t . a —  i n i or c i a tj o n  b i t , are ~h c-uss in  F igure  2. As can be
icr ra te (I.e., ~ sinp l,e o r der  o m  div ersit y ). k1c ss’eu , a t _ e r ro r  i -a rc s of nrc-c-tic s] i i I t e c - C SI  (0 . 1 5, ,
also 5150W thc- e I f ~ ’c - i i v c ’  o r d c -r  of  d i v cr ~~i t y  ---I the 1’b ~~~ ~) the  coded system S required 3 to ~
coded sys t i r m , n o t i n g  t ha t  t i i i~ val ue is- co n s l at en t —  lc-ss s i g n a l — t n — n o i s e  m I t L O  than do the systems
ly greatc- r thic -i i  S l I t - band-,idti; ecp 1llms iorl factor. We u s i n g  pure  redur i dancy .
obsc-t s’e t h a t  t h e  rn— re t r a d i t ion a l  us.: c-f p u r e l y  In con c luc - ion , the  use of block codes w i t h
redundcu rm t dat a  t r a n s m i s si o n  (no codino ) with 00K nultitone on/off keying. offers a convenient metlccd
ob ta ins  Sc, o rd - : r  of divs- r~~it ’.- c q i c u i  to  the  band— of cons t ruc t ing  vaveforlils app rop r i a t e  for  da ta
w i d t h  expans!on f a c t o r ;  w i t h  P8K , !l:~ level of t r a r i sm iu s i on  over the  u i i dervat e r  acous t ic  channe l .
d i v e r s i t y  is only h a l f  t h i s  vc I iu c . ‘ihus , t h e  use The cc-c c of ,a C o n s t an t  ~~c - i c - l i t code s i m p l i f i e s  the
of I - so ck  coding results i n  more di sc - cs - it.- and henc-e rccoiver procesair,g, results ifl coOrt ant  avora ~ e
b e t t e r  p e r f o r r , -r i c e  for  t h e  sac-c b a n d w i d t h  cxr ins icsn ;  e c m s - i c - v  m c . i v i - f o r ~~s c-nd g -j c -ra r t t ce s  a cc -c -d i~ y t e t - ,’r-
e l t e i s i a i i v~~l y ,  Isc o5 ta in  the  sc one l . u c .l of d i v e r —  m i n c’cl effc-ctive leccL of di’ e r s it y .  T!c~ p c -r f o t --
s it y ,  less b an d w i d t h  is req ui red i n t he coded mance of the  r e s ul t i ng  sys les  is s iln i f i ca n t l y
syst ems . superior to that c’bt.-I ined with more c onv c n t io c- i 1

- 

d ivc r : ;i t y  t eJ iniq sses . 

-

liXfrs}iPI.ES O’l~ CCNvT ’c i-i F f i i IS11T (‘- ( l I s t S 
-

Or i g i m I . ’II 0 - ~ 01 C m c p u r g l t e d  Expu rga t ed
- E x t e n d - c - i  (o lay  1- 10 w 8

Ntimber ~ f words In code 409i- 4U96 759 2576

Word sIze 24 48 ‘~4 24

In f o r c m , i t i c -n  con ten t  12 12 9 I l

M I n i nu s n d ~~~ t a n ce  

- - - - 

16~~~~~~~~~ S

Weigh t  ‘;ci r i -’b l e  24 8 12

~an.lv L’ t h  ( ‘xp ’I l I s i csn 2.0 - ‘ .1) 2 .7 2 .2
-——-‘- - -- ‘— --—----------“l---—- —- -- ‘-—--—--- --t ---- - ---.’_- ---- -___
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Efficient Maximum Likelihood Decoding of Linear Block Codes
Using a Trellis

JACK K. WOLF , FELLO W . IEEE

,4 bstract -- It  is shown that so(t decision maximum i lkelihood Some , if not all , of these results can be d’~duced 1r ~)m
decoding o( any (o ,k ) linear block code over GF(q ) can be accom’ -

pu shed using ~he Viierbi algorithm applied to a trelli s with no more previously published papers. However , the practical s ig-
than states , For cyclic codes, the trellis ‘is periodic. When this nificance of our technique makes it appear worthwhile  to
technique is applied to the decoding of product codes , the numbe r present them together here , A comparison between the
of CItateCI in the treUis can be much fewer than q 0’~ , For a binary decoding complexity of our technique and that of the usual
(is ,n — I ) single parity chec k code . the Vit erbi algorithm is equiv - word correlation decoding should amplify this point -

Consider the maximum likelihood decoding of a (31, 26)aleut to the Wagne r decoding algorith m.

I. INTROD UCTION formation, If word correlation decoding is utilized , the
binary Hamming code using channel measurement in’

T ~~~ DISTINCT error~contro l techniques exist received data would be compared with each of the 226 code
for the reliable transmission ofdigita l data over noisy words , Using the Vit erbi algorithm, a trellis with only 2-~

communications channels: block codes and convolutional states is utilized. Both the word correlation decoder and
codes, There are many similarities and differences between the Viterb i decoder will decode to the same codeword and
these techniques. One important difference is that much thus give identical performance. In this case, ~he advantage
more efficient algorithms have been found for using of instrumenting a Viterb i decoder rather than a word-
channel measurement information (i ,e, . soft decisions) in correlation decoder should be obvious.
the decoding of convolutional codes than in the decoding The concepts presented in this paper have some simi-
of block codes. larity to the work of Bahi et a l. [3J and that of Hartmann

This paper is concerned with the maximum likelihood and Rudolph ~~ How ever . in both of these papers , the
decoding of linear block codes usin~g channel measur e- authors were concerned with minimizing the probability
ment information. By maximum likelihood decoding, we of symbol error rather than the probability of word error.
mean a decoding algorithm which results in the minimum Mi ’1a kawa and Kaneko [5J have presented a different de-
probability of decoding to an incorrect code word when the coding algorithm for maximum likelihood decoding of
a priori probabilities of all the code words are equal. By linear codes using channel measurement information.
using channel measurement information , we mea n that Their al gorit hm appears to require a decoder with greater
the decoding algorithm can utilize real numbers ke.g. , the complextty than that d~scussed here. For example . for the
analog outputs of filters matched to the signals) associated (31,26) binary Hamming code, their decoder considers
with each component of the code word. The decoding al- ~~~ error patterns. Chase [6~ and others 171— 110] have
gori thm will he of particular use in decoding high ’rate given suboptimum decoding algor ithms which are rela-
codes , si nce the complexity of the al gorithm will be tively simple to instrument, but which do not always
upper-bounded by a function of the number of parit y achieve maximum likelihood ,decoding,
symbols, The techni que described here has been applied to a

The following results are demonstrated in this paper. concatenated coding scheme where constant weight binary
1) Soft decision , maximum likelihood decoding of any bloc k codes are transmitted over a fading channel, The

(n ,k )  linear block code over G F ( q)  can be accomplished details will be discussed elsewhere ~111.
using the Viterhi  [i j  algorithm applied to a trellis having We first give a general formula tion which holds for all
no more than q(~”~ states. linear block codes. We then consider the case of cyclic
2) If the linear code is cyclic , the trellis is periodic , linear codes. Finally, we consider product codes and show
:3) If the linear code is a product code , the number of t h at , for such codes, t he number of state? in the trellis is

sta tes  required can be considerably less than q I~l k ~. greatly reduced over what we might expect from the
4) For a binary (n ,n — 1) single-parity check code, the treatment of the general pr oblem.

Viterh i  algorit hm app lied to the trellis is equivalent to
Wagner decoding [2J . II ,  LINEAR CODES OVER GF(q I

Denote the elements of the finite field GF (q I as ~ *

‘cI~ nu.script received ‘July 2fi . 1976; revised April 29, 1977. This reeearch 0,1,2, ‘‘. ,(q — 1). Consider a linear (n .k) code over GF (q)
was -‘~ippoirted by the Au Force Office of Scientific Research, Air Force with parity check matrix H, Denote the ith column of H - -,Sv stems ( ommand . I’.SAF , under Grant AFOSR-74~260l.

The a lI th ( l r  ~s with the Department of ElectricaL ~nd Computer Erigi- as h1, so that h 1, i 1,2~.. ‘ ,a are ~n — k 1-tup les with el-
fle et i ng .  I niver sity If Massachusetts , Amherst. MA 01003. ements from GF(q ) .  The codewords in the code are all the

~fllg,q l sR/-~~/o1 ru-s ,Vv’=’øro’s ‘SO - •15.”v- 
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n ’tup les Xwith elements from G F q ) , suc h t h a t  H X =  0. e .o  s . i  e .~ s .~~ c .s  a •

Here 0 is the all-zero (n — k )-tup le. 
~~~~ ° ° ° ° °

ticu lar collection of nodes (or states) interconnected by i~ i 

\ \ 
~~~~~~~~~~~~~~

We now define a trellis for this code. A trellis is a par-

unidirectional edges. The nodes wi l l  be grouped into sets x(~~~~~~~ : :
~~.

4 tndexed by a paranieter k , k 0,1.2, ’ ’ ’ ,n .Ano d e indexed 
~~~; -

Edges will be drawn between certain pairs of nodes at ( ~ ) ~~~~~ 7~~~~~ 
\ ~

by a particular value of k will be said to be at depth k.
0 ~~

- 
~

depth k and at depth 1k + 1) , for k 0, 1, ‘ ‘ • ,(n — I ) ,  with Fig. . Trellis for btn ar~ i~~. I l  ~ III ~e betore expurgationthe direction of the edge going from the node at depth k
to the node at depth (k + 1). Atany depth k , there will be
at most q(rt~~k) nodes. The nodes at depth k will be iden- ~‘o ~~- - e ‘ 2  5 . 3  k ’4  1 5 . 5

0 0 0 0 0tified by (n — k)-tuples , ~ ( k ) , with elements from G F ( q )  t~~)
\ I \ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~/ 4 ~~~Zfor certain values ofj .  All of the q (0’~~ (n — k) -tup les are

assumed to be ordered from 0 ~o q~~~
_ k  4 1, wit h 0 refer-

ring to the all zero (ri — k)-tuple. s1 ( h )  is to be interpreted
as the ith (n — k) -tup le in this list. Since not all of the (ii
— k) -tup les may correspond to nodes at a depth k , we let
Ik be the subset of the integers tO~1, ‘ ‘ • ,(q 1~~~1 — 

1) 1 cor-
responding to those (n — k ) -tup les which correspond to Fig. 2. Expurgated trellis for t5.3) code.
nodes at depth Jr - The edges are labeled in a manner to be
described below . (5,3) code with parity check matrix

A trellis is a compact method of catalog ing all of the q k
codewords of a linear code. Each distinct codeword cor- H I 1 1 0 1 0

l. i 0 1 0 , J = [ h~ h 2 h3 h4 h~~.
responds to a distinct path in the trellis. In order to see how
thi s correspondence occurs, we describe how to construct Following the procedure outlined above, we find the trellis
the trellis for a particular code. before the expurgation of nodes to be as shown in Fi g. I

1) At  depth k = 0, the trellis contains only one node , and , after expurgation of nodes, to be as shown in Fi g. 2.
name ly s0(0) . the all-zero (n  — k) - tup l e .  For decoding, it is not necessary to expurgate nodes in

2) For each k = 0, 1, ‘ ‘ ‘ , (n — 1),  the collection of nodes the trellis , as the Viterbi algorithm can just as easily be
at depth i k  + I) is obtained from the collection of nodes used in the unexpurgated trellis.
at depth k by the formula

III. VITERBI DECODING USING A TRELL IS
S1~k + 1) ~ s4 ( k) 4- a1 hk +l ,

Since the Vi t erbi algorithm is now a well’understoodfor all i € ~ and j  0,1, ‘ ‘ ‘ ,(q — 1). 
decoding procedure , only a brief descri ption will be pre-
sented here. We assume that decoding is to be accorn-For each t in fIt , connecting lines are drawn between the

nod e s, ~ k ) and q nodes formed from it at depth (k + 1) plished based upon the received n -tup le c with real corn-
using the above formula. Each such line is labeled by ponent s C 1 1 C 21 ‘ ‘ ‘ C,~. We assume no intersymbo l inter-

ference so that the j th  component of c depends onl y on the —the particular value of cr
~ which formed s 1 (k + 1) from j th component of the transmitted code word . x~. We fur-s1 ( k) .  

ther assume that the noise contributions in each of these3) We remove any nodes that do not have a path to the
all.zero state at depth n , and we remove all lines drawn to components are described by statistically independent

random variables N ,, with probability density functionsthese expurgated nodes.
f.v,( ), i - 1,2, . .’  ,n. Then the logarithm of the likelihoodThere is a one-to•one correspondence between each ratio of the data , given the transmitted codeword , is of thecodeword in the code and the sequence of ~~~ on any path formfrom the all-zero node at depth 0 to the all-zero node at

depth n . There are q k distinct paths through this trellis , log f clx (c~ x) log t,f  .‘.,- ( c 1 1x 1) J
and each such path corresponds to a uniqu e codeword.

For k 0, we have only one state or node in the trellis: ~~ : ( c 13 x 1 ) ~ Z( X)
s~I O ) .  For k I , we have q states: namely, ~1(h 1), j  i — I

0, 1, ..‘ ,(q — 1). For an arbitrary depth k , I ~ k ~ it , we For a given received data sequence c, a maximum like li ’
have the states a,1h 1 + a,~ h + ‘ ‘ ‘  + ~~ h k, where + is the hood decoder finds the codeword X which gives the largest
addition operator defined for vectors with components value of Z ( X) . A brute force approach would suggest trying
from the field GF(q). Note that the number of states at any all q k possible codewords. -

depth cannot exceed q (1’~~) , the number of dis t inct  (n — The Viterbi algorithm is a recursive algorithm whereby
k) .tuples with elements from G F ( q) .  many codewords can be discarded from consideration in

We illustrate the construction of a trellis for the binary finding that X which maximizes Z( X). Referring to the L
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- trellis introduced in the previous section , we can state the I ~
procedure as follows. For each node s4 ( k )  at dept h k , assign

~ a real number V(s 1 (k ))  in accordance with the following G 0 6 , G 2 G,, s: ‘~

~ 

k = 0, set V(s o ( 0) )  = 0. 
. 

+ C ... C

~ 
)) For all I E ‘k+ I  form V(s 1 (k + 1)) from V(s ( k) )  in

~
- - the following manner (k 0, 1 ,2, ‘ ‘ . (n — 1 ) ) :  . --

~ Fig. 3. Encoder fur cyclic code.
~ V(s 1(k + 1)) = max [V(s 4 ( k))  + z k + j ( c k+ 1 ,aJ ) I ,

(‘J E GF(q)

‘~~ PsicI~
where Pkj  is the subset of !~ consisting of the set of indices 

~ ~, .2. 

~:~:~ 1
tl

~~
t. for some a1 e GF (q) ,  s t (k  + 1) s1 ( k)  + I

~ 
3) Retain only that path to V(s, (k + 1)) from that s (k)  S5

~ which gave the maximum in the above formula. INPU T

~ 4) At k = n , the sequence of a~ on the single remsining Fig. 4. Encoder for binary (15, 11) code with gl x )  ~ x 4 + x -4- 1.

~ 
path from the all-zero state at depth 0 to the all-zero state

~ 
at depth n corresponds to the codeword X which maxi-

~ mizes Z (X ~) . 
~~~~~~~ ,,~~~~ , , - 3

It should be noted that this algorithm can be used with O~~~I ‘ ~~~~I

the unexpurgated trellis or the expurgated trellis. °° .

0100 \ : ‘
~ 

lv. DECODING OF CYCL I C CODES OVER G F (q)  ~~‘°~~ 
\ \ ~ 

‘ 

V
i- : : For cyclic codes over GF (q) ,  an alternative (but equiv- ~~~~~~ \ , 

, 

. .‘

alent) method of forming the trellis is to associate the - -v-
nodes with the q (t5~~} states of the (n — k)  stage shift l o l l  . .

register used for encoding and decoding. For an (n ,k)  cyclic ‘

code overGF(q) with generator polynomialg(x) go +g ~x 1 1 1 0

+~~~‘~~ +g ~x r,g 1 E GF (q) , r = n  — k , one form ofthe encoder t i l l

is as shown in Fig. 3. Fig. 5 Trellis for depths k = 0, 1, —, 3, and 4.
The square boxes are storage devices for elements from

- - 
GF (q) ,  the circles enclosing + signs are adders for elements

- from G F (q) ,  and the circles enclosing g( ’s are multipliers 0 0 0 0

- for elements from GF(q) .  (g,. ’ is the multi p licative in- ~~~
verse ofgr .)We enter the k message digits at the mputwith 0 0 1 1  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,,,,,,,. ... ..“

.

- the switches S1 and S2 in position 1. We then enter (n — 
~~~~

- 

S~~ and S2 in position ° ‘ °
The trellis for this code is built by tracing the possible 10 0 1  ~~~~~~~~ -~~~ 

-states of the storage devices for all possible inputs. Since I 
- 

-

there are r storage devices and each device can contain at , 
~~~ 

-‘ - ., 
- - 

.::
- most q different elements, there will be at most q t states , ..

~

- in the trellis at any depth. For a reasonable code in which I I I I

all encoder states are utilized , the number of trellis states Fig. 6. TrellI; at depth k and (k + 1) for k 4 5 .  .. ,j33~
at depth j  in the expurgated trellis is given by the forinu-

- - Ia 
-

- number of states in trellis at depth j  C O O  ~~ ~~~~~
‘

0 0 1 0  — 
~~~ ~~~~~~~

qi, j = 1,2, .‘. ,r — 1 O i c  ~~~
,

* qr, ~ r ,r + 1, ‘. ‘ ,n — r 0~ 
:,.

q’~
1, J n — r + 1 , ... ,n. 1 0 0 1 •

- 1 0 1 0  • /
- 0 $ ,

The trellis is repetitive forj  r + 1,~ ~
. ,n — r. 10 0

The general procedure for interconnecting nodes of the ~trellis is most easily described by associating with each I l l
node at depth k a polynomial s (x ;k)  in x of degree (r — I) Fi g. 7, Trellis for depths k — 11 .12. ’ - .  - 15, 



r~
—r-----

~
-----’-’•-—

~
—’-’ - .- -----.-——-.— ‘ “

~~
_
~~~~~~

_ _
~~~~~~ ~~~~~~~~~~~~~~~ : ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~- r ~~~~~~~~

2 -~~~~ 
“~‘~‘T~ ~~ 

- 
~~~~~~~~~~~~ 

- - i— - - —

-63-
WOLF- DEcODING OF LINEAR BLOCK CODES I

~~~~~~~~~

( \ A  ( 

4 . ’

0 0 0 0 

~ \ I ~ /1 

$

0 ~~~~~~~~~~~~~~~~~~~
~l0 ~~~~~~~

~~~~ 0
000 1
00 I 0
001 I
0 I 00
01 0 1
0 1 1 0
O i l  I

I 000
10 0 1 ~ I

1 1 0 0  :I~~~l è 0
1 1 0 1  ~O/ 

\

~/o I ’S
1 1 1 0
I I I I

0

Fig S. Path in treths ior codeword 1 0 1 0 0  101 1 10 1  101.

L

~~~~

2 0 0

0 
+;, 

~~~~~~~~ 

I
‘5

INPJi 

Fig. I 1. Steps in decoding sing ie-p arity check code.

Fig. 9. Encoder for sing le- parity check code.

Portions ofthe tre llis for this code are shcwn in Figs. 5,
6, and 7. The path corresponding to the codeword I 0 1 0

__________ 0~~~~~ 
O i O l l l O l l O l i s shown in Fig. 8.

: ~~~~~~~~~~~~~~~~~~~ I

1

0 

• .‘ 

>
~~~~~~~~~~

l parity check code with generator polynomial g (x )  ~
Example 2: The encoder for a binary (n ,n — 1) sing le-

1 is shown in Fig. 9, and the resultant trellis is shown in Fig.

Fig. 10. Trellis for sing le- parity check code. 10.
To illustrate the Viterbi decoding algorithm as applied

to this code , we assume that the binary codeword is
with coefficients from GF (q) .  These polynomials play the transmitted using bipolar signaling over a Gaussian
same roles as the vectors s ( k)  used previously. The poly- white-noise channel, The input to the decoder is a vector
nomials at depth (k + 1) are then formed from the poly- of n real num bers c c1c~,c3c 4 • ‘ . c~ . Using word corre-
nomials at depth k in accordance with the formula lation , the maximum likelihood decoder would form the

sj (x;k  + 1) (xs 1(x ;k) + x ”a1) modulog(x). 2 ”— ’ num bers

Rather than pursue this description in abstract detail , we 
z = 

~~~ 
— 

~
-

, (1 — 
~~~~ ~~~ 

j = ~~~~~~~ .2 — ‘

give two examples. j~~I

Example 1: Consider the (15,11) binary cyclic code with where x 11 E ~~~ is the jth component of the ith codeword.
generator polynomial g ( x )  = x 4 + x + 1. The correspond- The steps in the Viterbi decoding algorithm for the case
ing encoder is given in Fig. 4 of n = 5 and c = (3,2,—4,—l .41 are shown in Fig. 11. The

For the first 11 clock pulses, the S1 and S2 are in poej tiOt’I node values V( k)  a. e the circled values at each node. The
one, and the input consists of the 11 message digits. For the maximum likelihood decoded code word is ( 11 0 1 1). Note
next four clock pulses, the switches S, and S2 are in posi- that a hard decision decoder would trIP to decode the vector
tion two, and zeros are fed in at the input. The first 11 (1 1 00 1) which is equidistant from five different code-
digits which appear at the output are then the 11 message words, and thus would fail to decode.
digits, and the last four digits which appear at the output It should be observed that , in the second step of the
are the four check digi ts. decoding algorithm, a final decision has been made on the

The state sequence for the encoder for the input se- first digit of the codeword. That is, at this early point in the
quence 1 0 1 00 1 0 111 0 is decoding, we have already decided that the first compo-

0 0 0 0  — . 1 10 0  — M  110~~~111 1  - 1011  —= 1 0 0 1  nent of the codeword is a 1. This is somewhat surpris-

—. 0 1 00 — 00 1 ~ — i i o i --. o 11 o — . i i i i  ing—we have not yet received the parity digit but have
already made a final decision on one of the binary digits!

—= 1001  — .0 10 1 — 0 0 1 0  0 0 0 1— 0 0 0 0 .  The Wagner decoding algorithm [2) which inverts the least
In polynomial notation , each of these states would be likely digit in the hard decision sequence if the parity check
represented by a polynomial. For example, state 1 00 1 at fails, also makes such final decisions. Indeed , both algo-
depth 11 would be represented by the polynomial s (x  i i)  rithms yield maximum likelihood decoding and so must

* I + x 3. decode to the same codeword. These earls’ final decisions 



~
__

__

~
__

~
7_ - 

~Y- 
- - -  

~

‘ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~~~ 

.------

~~~~~~~~~ ~ ~~~~~

- — .
~~~~~

=.- - - 
.

~~~~ 

—

~~~

—-—-—-,---- . —

-()1-

so Il ~~ E TftANSA I T I ( I N i-~ ()‘i INFO RMATION THI~I f t V . Vol. . IT-2-1 . NO 1. JANt ~A k Y  1978 -

are characteristic of Viterbi decoding of arbitrary codes 3) Test if I = n2. If so go to step 5);otherwise go to step
and are not limited to just the sing le-parity check code. 4) .

4) Compute , for each ( i 1, i~, ‘ ‘ ~ • 1~ 2~
V. DECODING OF PRODUCT CODES V”~(i 11 i2, . . .

In all cases discussed heretofore. the number of states max [V ~~~ 11(j j ~ h 11 j , i~needed at some depth in the trellis was equal to q ”~~, j

where (ri — k )  was the number of parity symbols in the 
~~~ ~~~~~ 

. , . 
~r + h r .,jj ) + Q~WJ

code. For some codes, the maximum number of states can
be much less than q “ k ; such is the situation for product For each state, retain the sequence of j  values that resulted
codes. in the maximum V. Return to step 2).

Consider a product code with symbols from GF(q)  where 5) Compute
the row code is an (n 1,k ~) linear code and the column code
is an (rt ~ k2) linear code. The number of parity symbols is V(n 2) (0 ,0, . . . 0) = max [V(~ 2 t1 ( 0, 0, ‘ ‘ ~ 0, j )  + Q~~(~u e ] .r = n 1n2 — k 1h 2 =k 1(n 2 — h 2) + k2( n1 --- kj ) + (n 1 — k 1)( n2
— k2). In what follows, we give a decoding algorithm for a
product ‘code that requires on ly q k1 ( ’Z2~~2) states. By The sequence of f  values that led to the maximum V’~
symmetry, an algorithm exists with q k 2 tf l I ~~ O states. Ifone (0 .0 , ‘ ‘ ‘ 0) is the decoded codeword.
code is a low-rate code and the other code is a hi gh-rate 6) Stop.
code, the savings in decoder complexity is enormous when A similar algorit hm holds for concatenated codes, where
comparing this algorithm to algorithms which require q ’ again the number of required states is much reduced over
or q~ 1~2 states. what might be expected from considering the total number

For example , consider a binary product code with a of parity dig its transmitted.
(15,5) three-error correcting row code and a (15,14) sin-
gle-eiror detecting column code. The resultant code is a REFERENCES
(225 ,70) code with minimum distance 14. The algorithm

(II A. J. Viterbi . ‘Error bounds for convolutional codes and andescr ibed in the previous secti on would seem to require a 
~~~~~~~~ optim~~ decoding algorithm ,” IEEE Trans info rm.

trellis with 2(22~~70) 2155 states. A decoding algorithm for Theory, vol. IT- 13, pp. 260—269 . Apr. 396~.
such a trellis is outside the realm of possibility. In the al- 12! R. A. Silverman and M. Balser , “Coding for a constant data rate

II)urce , IRE Tra ns . Inform. Theory, vol. PGIT-4 . pp . 50—63, Jan .gorithm to follow , only 2~ 32 states would be required in 1954.
the trellis. 131 L. R. bahl , J. Cocke , F. Je linek . and J. Raviv , “Optimal decoding

Decoding Algorithm (Binary Case) : Let Q~~
’ denote the Of Itnear codes for mrn imlz lng  symbol error rate . ’ IE E E Tron~i

inform.  Theory . vol. IT-20. pp. 284—287 , Mar. 19~ 4.correlation af the lth row of the received matrix with the 
~~ c. R. p. Hartma nn and L. E. Rudo lph . “O n optimum s~mbo I-bv-

symbols j  = ~~t,J2 . ‘ ‘ ‘ ,ik ) ; j a  6 (0,1). Let the h11 denote Theor y ,  vol . IT-22 . pp. 514~ -~i~ , Sept. 1976.
codeword from the row code having the information symbol decoding rule for linear codes.” IEEE Trori ~ In fer ’~

[5 1 H. M iy a kawa and T. Kaneko . “Decoding algorithm for e r r4 r- c4 1rthe element in the ith row and the jth column of the parity recting codes by use of analog weights,” Electron Cornr nuri . Japa n .
check matrix of the column code. It is assumed this matrix vol. 58-A , pp. 18-27 . 1975.

is in echelon canonical form with a unit matrix on the ri ght: €~ D. Chase . -‘ A class of algorithms for decoding block codes w I th
channel measurement information,’ IE EE Tra ns . inform. Thenr ~.h 1~ E (0,1) . Let Vi ” U11 ~2, ‘ ‘ ‘  , 1r~) denote the node value vol. IT-18, pp. 170—182 , Jan. 1972. 

4of state (i 1 ,~2, - ‘ ‘  ,i,. ,) after I rows of the received matrix 17! E. J. Weldon . Jr., “Decoding block codes on Q.ary output channels,”
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10 , 11 = ~2 - ‘ = 0 1101 G. D. Forney. Jr. . ”Generalized minimum distance decoding .” I EEE
1— cc, otherwise. Trans. Inform . Theory , vol. IT-12, pp. 125—131 . Apr . 1966.

III ! P. Pieper, J. Proakis, R. Reed , and J. K. Wolf . “Maximum l i k e i i h x d
decoding of concatenated constant weight block codes over a Ray -

2) 1 .— 1 + I. leigh fading channe l , ’ in preparat ion. 

—~- -~—~~~~~~ —~~~~~~~ 
-I— -. 

~~~~~~~~~~~



-. - ~~~~~~~~
..— -__ __ -.-

~~~~~~!,.—,-‘,-.-_“_- —
~

.. . - -  .—‘-.-,-.---—-~
.-~~

-.-,-—.
~~

---. - -- — ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~‘
-i.r,—’~

---~ —‘ -
~~~~~~

.—.‘ -----‘ - - 
~~~~~~ 

. . .‘-..

~~~-4RO Co r ~~F. O’~
-) ~~~~~ IT A L~~~~~~~O M N O J I c~~471O~~~S /~~-‘ ~~~t”~~~~ ’1 C ~~

IIA r- -’~ 
.~~vsJ E ~~~~~~~~~~ ~ :I~JL / ,T-~-o P4p &42

‘ ~~lL, A , ( CM l c ; .E .~~ #~i4N.(  ,, S
- - ) STATE OF THE ART OF ERROR CONTROL. TECHNIQUES

Jack Keil Wolf
Department of E)e-~tr~ca1 and Computer Enqineer~i-4~Univers ty of Massachusetts

Amherst , - lassachusett s 01003
USA

SUI’?IARY

A survey of error control techniques for achieving reliabl e transmission over noisy comunication channels
is presented . Both binary and nonbinary codes are considered . Block codes and tree codes are described
along with their decoding algorithms . The parameters of the most frequently utilized codes are given.
Finally , the performance of such codes are considered for an additive Gaussian noise channel with and with -
Out Rayleigh fading .

1 . INTRO DUCTION

Assume that you as an author of a paper at this symposium have received the following telegram from the
Program Chairman: PRIGRAM FOB ASARD AVP SYRPOSIA1I CHINGED YSURLPAPRR NQW SCHEDULAD FOR JONE 7 AT 13 ,45.
After some effort at error detection and correction . you could probably correctly ittterpret the non—numer-
ical portion of the text since words in the English language are redundant. That is, not every combination
of the 27 symbols (26 letters plus the space symbol ) fortes an acceptabl e message. For example the sequence
of letters ‘ PRLGTAM ’ is not an Eng lish word and thus errors have been detected in this sequence of symbols.
Since it differs from the word “PROGRAM” in only one letter and differs f rom other word s in more than one
letter it is ‘closest ” to the word ‘program ” . Thus in decoding this word to the word “PROGRA14” we have
accomplished error correction.

The errors in the numerical portion of the telegram (the date and the time) present a different probleii .
In general , numbers do not possess the redundancy øf non-numerical text. Thus the “7” could have been in
error and we could not detect or correct th)s error from the natural redundancy of the message.

In designing a system for the rel iable transmissijn of data over a noisy coninunhcatlon r.hannel , one cannot
rely on the natural redundancy of the message to detect and correct errors since the systes~ must work forall types of messages (even those without natural redundancy such as certain types of computer data). Thus ,
we must introduce an artificial redundancy into the messages in order to effect error control . This arti-
ficial redundance, called coding for error control, is the subject of this paper.

Codes for error control come in two distinct flavors : block codes and tree (coesnonly called convolutional)
codes. The next two sections are concerned with the definitions and Important characteristics of these two
classes of codes.

2. BLOCK CODES (WOLF . J. K., 1973)

A block code of length n and size M is a collection of M distinct vectors called codewords, each vector
having n com ponents belonging to some finite alphabet X ~ (0,1 ,2,... ,q — 11. The rate of the code , R , is
def ined as

log N

n

Since the codewords are distinct, 1 < M < qn and 0 < R < 1. For binary codes , q 2, while for nonbina ry
codes q > 2. Usually q is chosen equal to a prime or a power of prime,

The Haming~ weight of a codeword is equal to the number of nonzero components in that vector. The min imum
weight of a code is the positive integer equal to the smallest nonzero Haming weight of a codeword in the
code.

We assume henceforth that the elmnents of X form a finite field GF(q) (so that q is equal to a prime or a
power of a prime), The code is linear If the codewords are all the solutions to a set of r homogeneous
linear equations, called generalized parity-chec k equations. The coefficients of these equations are dc —
inents from X. Let k • n - r. If the equations are linearly Independent , N qk, R • k/n , and the code is
termed an (n ,k) code. A code which is not linear is said to be nonlinear.

The Haming~iistance between two n-vectors is equal to the number of components In which these vectors differ .
For a linear code, the number of codewords of Haimilng distance 1 , 1 0,1 ,2 n , from any given codeword
is equal to the number of codewords of weight i . The minimum Naming distance between a pair of distinct
codewords in a code, dmin~ 

(or the min imum weight of a linear code) yields important information regarding
capability of the code to a correct and detect random errors . A code can correc t all patterns of t or fewer
random errors and In addition detect all patterns having no more than d errors (where d ‘ t) provided that

d + t + 1 dmi~
f the code Is used for error correction only then d t and the code can correct all patterns of t or fewer

random errors provided that

2t + 1 < dmin~
2.1. Example of a Binary Block Code

To Illustrate the ideas Introduced in the previous section we consider the following simp le ex~sple of a
binary (q • 2), (7,3) code. Such a code has ~i 2~ B code words, each of block length 7. If ~ • (x 1,

L .

~~~~~~~~‘-‘.— ~~~~~~— ~~~
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —‘~—~ ~—
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x 2, x 3. x 4, x 5, x 5, x 7 ) represents a code word in the code, and if these symbols satisfy the following set of”

linear (parity check) equations ( + means modulo 2 sum)

xl + x2 + x3 5
4

4’ x 3 • x 5

+ x 3~~~ x 6

x l + 
~2 

X
7~

then the 8 code words are :

0 0 0 0 0 0 0

1 0 0 1 1 0 1

0 1 0 1 0 1 1

0 0 1 1 1 1 0

1 1 0 0 1 1 0

0 1 1 0 1 0 1

1 0 1 0 0 1 1

1 1 1 1 0 0 0 .

The min imum distance of the code is 4 which is the minimum weight of any nonzero code word. (In this special
case all nonzero code words have the same weight but this is not usuall y the case.) Thus the code can correct
a single error while detecting but not correcting a double error.

Note tha in this case, the first 3 digits in any code word can be considered as the message digits while
the last 4 digits which are calculated from the first 3 are the re’iundant digits or parity digits.

2.2. Some Important Classes of Block Codes (PETERSON, W . W ., E. 3. Weldon , Jr ., 1972)

The following is a brief sumary of the characteristics of some important classes of block codes:

2.2.1, Binary Naming Codes (q = 2)

Let in be any positive integer > 2. Then for each m there Is a linear code with parameters

n~~~block 1ength~~~2m — l ,

k message digits 2m — 1 — m ,

n - k • check digits • m.

These codes all have minimum distance eaual to 3 and thus can correct any single error in the block of length
n digits .

2.2.2. Bose-Chaudhurl-Hocquenhein (BCH) Codes

These are linear codes wi th
~
coeffic1ents from any field GF(q). Let in be any positive integer ~ 1 , let c beany integer which divides q - 1 and let t be any positive integer. Then the code has parameters :

n = block length = (qin = 1)/c,

2 mt q �~ 2 (nonbinary codes)
n • k • check symbols <

mt q 2 (binary codes),

d 1 = minimum distance > 2t + 1.

2.2 .3. Reed-Solomon (R S) Codes

These are a special case of nonbinary BCH codes formed by choosing m • c • 1. These codes have parameters:

n=bl ock l e n g t h = q - l  ,

n — k • check symbols = 2t = dmin — 1 .

2.2.4, Simplex Codes

These are a special case of binary BCH codes formed by choosing c • 1. These codes have parameters:

n •block lengt h ” 2’5 - l ,

k • message digits • m

- .
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d I  • min i mum distance ?~~~~,

2 .2 .5 Golay Code

This is a special binary code that has a very hi gh error correction capability for the amount of redundancy
utiliz ed . It is also a special case of the BCH codes , It has parameters :

n = block length 23 ,

k ~ message digits = 12 ,

~~~ 
m inimum diatance = 7.

The code thus can correct 3 random errors in a block of 23 digits . The code is often used as a (24,12)
code by adding an extra parity di git which is a parity check over all di gits in the block. The resultant
(24 ,12) code then has minimum distance equal to 8.

2.2.6. Majority Logic Decodable Codes

These are a class of codes that because of the special form of thei r parity check equations lead to a parti-
cu la r l y simple decoding algorithm . (See the next section for a further discussion.)

2.3. Decoding of Block Codes (WOLF, 3. K., 1973)

If the received word were always an exact replica of the transmi tted word when a codeword is transmitted
Over a coimnunications channel , there would be no need for coding. Rather, a noisy coesnunications channel
distorts the transmitted codewords in a stochastic manner. A channel w~th input n—vectors from (x )~’ (theSpace of sequences of n symbols from the input alphabet x) and output n-vectors from (Y)fl (where V is the
output alphabet) can be described by a conditional probabilit y distributi on P,~~ (~jx) for all x t(X)~ and

~ dv)~ , Here X and V are random n-vectors representing the input and outputTh vectors for the channel
and x and ~, are the specific values which can be assumed by these vectors.

A decoder is a device th~t instruments a decoding rule for choosing among the transmitted code words on the
basis of the received vector ~~ . A possible option , termed error detection, is to choose no codeword at all
if the received sequence is not a code word . This option is often utilized when the codeword can be retrans—
mitt ed or reread from memory . A particular decoding rule whicfl always decodes to a codeword is the one
that chooses the codeword having the highest conditional probability of being transmitted , given the re-
ceived vector ~~ . If all codewords have equal probability a priori , then this rule , called a naximum-like li-
hood decoding rule , chooses the codeword c~ for which Py)x(~,(c i)is the largest. A brute-force appli cation

t of this rule requires N calculations of the conditiona1”p~obability distribution . For a binary code of
block length n = 100 and rate R = ~~. this works out to 250 

~ 1015 calculations—a hopeless task even with a
l arge computer. It Is the algebraic structure of the codes that allows us to escape form this dileenna .

Most decoding rules for algebraic block codes do not realize a maximum-likelihood decoding rule. Rather ,
L they decode to the most l i ke l y codeword onl y if the noise on the channel is not too large, Otherwise they

util ize the option of not decoding . Such a rule is called a bounded-distance decoding rule.

L The Berlekamp algorithm for decoding BCH codes (PETERSON, W. W. and WELDON , E. J ., 1972) is a bounded-dis-
tance decoding rule that requires that X = V and that will decode correctly if and only if the Naming dis—
tance between the received vector and the transmitted codeword does not exceed (dmin 

_ 1)/2.

A class of codes that are not as powerful as BCH codes but that all ow a simpler decoding algorithm are the
majority-logic decodable codes . The generalized parity-check equations of these codes are based upon the
combinatorial configurations of finite geometries, In the simp lest case , decoding for these codes is per-
formed on a symbol-by—symbol basis. For each symbol , several general ized parity-check equations are checked,
each equation predicting that the symbol be a particular el ement of GF(q) . The field element receiving the
most votes is taken to be the correct value for that symbol . It has been shown that any decoding rule for
any code can be realized, in princi ple , by properly weighting the votes of generalized parity—check equa-
tions, (RUDOLPH, L. D., ROBBINS , W, E . ,  1972)

— 3. TREE CODES , TRELLIS CODES AND CONVOLUTIONAL CODES (WOLF, J. K. , 1973)

Consider a tree as shown In Figure 1. The small circles are nodes , and the lines enanatinc from each node
are branches. We assume that every node has Q branches emanating from it, Associated with each branch Is
a sequence of no symbols f rom the alphabet (0,1 ,2 ,,.,,q = 1). A tree code is the set of (possibly Infinite)

sequences obtained by concatenating the symbols on the branches of each unique path through the tree , Mote
that although there are an Infinite number of codewords In our code , the first n0 symbol s for every codeword
can assume only Q different realizations . Note further that If we truncated the tree by ~llow Ing each path
to contain only L branches , we would have a block code of block length n n01. with N • L’-~ codewords , (Here
the codewords may not all be distinct.) The rate of the tree code is defined as R0 • (1 / n0) loq~ Q.

We now introduce some structure in the tree. We assume that the tree is generated by a K-state machine
with states SO~

S1,...,SK l .  The machine has Inputs from the set (0,1 Q - l} and outputs from
(x) 0

We assume the machine always starts in state 
~ 

The machine Is thought to reside in a state until an in-
put Is Imposed. As a resul t of th i s  I n p u t ,  the machine produces an output n -vector and assumes a nest
state. This change of states and production of outputs is  described by a st~te-’transition table th a t l is t s , 
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for every state and every Inpu t, the next state and the corresponding output ,

To obtain a tree code from a K-state machine , associate a state with each node , The inpu t then determines
which of the Q branches to take from that node (state) to the next node (state). The n symbols on each
branch are the outputs of the machine. 0

An example of a state—transition table for a four—state machine , with Q 2, X • {O,l}, and n0 
• 2, and

Its corresponding tree code Is shown In Fig, 2(a) and (b). An inpu t sequence and the corresponding code—
word are given in Fig. 2(c), Note that there are onl y four states , so that several of the nodes in the tree
can be collapsed into a single node. Upon collapsing these nodes , the tree forms a trellis , as shown In
F ig. 2(d). Thus we say a finite-state machine generates a trellis ~ode ,

Consider a trellis code where X is the finite field GF(q) and Q q ~~
, I < k0 < n0. Then each Input can

be considered a k0-vector with components from X = GF(q) . Let the no components of the outputs be a fixed
linear function of the k0 components of the present input vector and the vk0 components of the v 

imedi-

ately preceding vectcrs. ‘Linear ’ here means a weighted stan of the components with respect to ad~~tion

and multiplication as defined in GF(q), The number of states of the machine need never exceed q . The
resulting trellis code is said to be a convolutional code of constraint length v (or k0v). The rate of
the code is R0 • (1/n 0) log Q • k0/n0.

A convolutional code Is called systematic If k0 of the output symbols are equal to the current Input k0-vec-
tor. Otherwise the code Is nons~ysteinatic. Monsysteinatic convolutional codes are superior to systematic
convolutional codes for maxlmum—1fkeTTh~~d decoding on a random—error channel , This surprising result is
related to the fact that every block code is equivalent to a systematic block code, but not every convolu—
tional code is equivalent to a systematic convolutional code,

Two distance measures have been suggested for convclutional codes, The first , dmj,,~ 
is the minimum nonzero

Haimii ng distance between the first (v + l)n0 symbols of distinct codewords. The second , dfree~ 
Is the mm-

m u m  nonzero Haimni ng distance between distinct infinite-length codewords. The free distance dfree seems to
be more closely related to the performance of the code for the more powerful decoding algorittins ,

Given a systematic convolutional code of minimum distance 
~~~~ 

the first k0 message digits can be decoded
correctly if t or fewer errors occurred in the first (v + 1) no transmitted digits provided that

2t + 1 < d min~
The relationship between dfree and the error correction capability of the code Is more obtuse.

3,1. An Example of A Convolutional Code

The state—transition table and trellis of a convolutional code with parameters q 2, k0 • I , n0 
• 2, v = 2

are given In Fig. 3(a) and (b). A realization of this finite—state machine in terris of a two—stage shift
register Is given in Fig. 3(c). The code has dmin dfree =

3,2, Some Convolutional Codes

Very little is known about constructing tree or trellis codes that are not convolutional codes, Thus in this
section we restrict our attention to convolutional codes, Indeed, even for convolutional codes, there is a
scarcity of techniques for constructing good codes,

3.2.1, Single Error Correcting Binary Codes (q 2)

Let v be any positive integer. Then the code has parameters;

no 
= symbols per branch

k0 • message symbols per branch • no - 1 ,
k n — l

Q • branches per node • 2 0 
• 2 o

dmin • minimum distance • 3,

3,2.2. Double Error Correcting Binary Codes (q 2)

This code Is based upon a binary BCH code of minimum distance 6. For any positive integer in , it has parameters

no • symbols per branch • 2in 
- 1 ,

k0 — message symbols per branch - 2 - 2m,

v • constraint length 1 ,

• minimum distance • 6 .
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3 .2 .3.  Self-Orthogonal Binary Codes (q — 2)

The construction of these codes is based upon difference triang les . They have parameters :

no = symbols per branch = any integer ,

dm in minimum distance • any integer ,

k0 • nessage symbols per branch = n0 - 1

V ~ constraint length ~ (n 0 - l)(dmin 
_ l)(dmin 2)/2.

3 .2 .4 .  Computer Generated Codes

Most good convolutional codes have been found by computer search rather than by algebraic construction - -
procedures.

3.3 Decoding of Tree, Trellis and Convolutional Codes

Sequential decoding is an efficient method for finding the most probable codeword in a tree code, given the
received sequence ~~,, without searching the entire tree. In sequential decoding, the received alphabet Y need
not be equal to X. One begins at the first node and tentatively chooses the branch whose code symbols are
most likel y to have produced that portion of the received sequence. A measure of the difference between the
tentatively chosen code symbols and the corresponding received sequence is retained. One proceeds by tenta-
tively choosing the most likely branch from each successive node until the rate of growth of the difference
measure Indicates that the path being followed is incorrect. One then backtracks by going back to a previous
node and taking a less likely branch. Backtracking and trying alternate paths continues unti l a path is
found on which the rate of growth of the difference measure is satisfactory . Of course, the critical factors
in  this approach are the choice of the proper difference measure and a procedure to decide whether the rate
of growth of this measure is or is not satlsfac ory.

An Interesting modification of this algorithm is the stack algcrlthm . Here the decoder stores the difference
measure on several paths and extends that path which appears most likel y to be correct. When that path
temporarily loses favor because of the rate of growth of its difference measure , the next most likel y path
is extended . All paths investigated are stored in the decoder until the storage capacity of the decoder is
exceeded. Then the l east likely paths are dropped from consideration .

Viterbi ’s maximum-likelihood decoder for convolutional codes makes use of the fact that there is a trellis
structure for convolutional codes (VITERB I, A . J., 1967). In fact. It applies to any trellis code, not just
convolutional codes. The essence of the procedure is to keep only one path to any node in the trellis; of
course, the path to keep is the most likely one. The discarded paths to any node can never lead to the
most likely codeword. If the trellis is generated from a K-state machine , only K paths ever need be re—
tam ed by the decoder.

Algebraic decoding algoritt~ns exist f~r certain convolutional codes . Some codes are majority logic decodable
In that severa l parity checks are calculated for each message digit and a majority vote on the correctness
of the di git is taken. In other cases a form of syndrome decoding is employed .

4. PERFORMANCE

Of prime interest to communications engineers is the Increase in performance furnished by coding systems as
compared to uncoded systems. We will take the probability of error in our binary message stream (either the
bit error probability or the probability of error in a block of k message digits) as our measure of perfor-
mance.

The efficacy of coding depends heavily on the particular communications channel . We will consider here two
different channels. In the first, the only channel perturbation on the transmitted signal is additive white
Gaussian- noise. In the second , we will assume that the transmitted signal experiences Rayleigh fading and
also is corrupted by additive Gaussian white noise. We consider both hard and soft decision receivers.

4.1. AddItive Gaussian White Noise Channel (Hard Decisions)

This channel model which is a good approximation to transmission from deep space has been wel l studied in
the literature. We will take as our baseline system an uncoded binary, phase—shift keyed system employing
coherent detection. For a bit errgr probability of lO”~ , an 11 db signal to noise ratio Is required while
for a bit error probability of IO D the required ratio is about 9.6 db. (By signal—to-noise ratio we mean
the ratio of the received energy per bit to noise power density.) -

When we consider coded systems, we will assume that the information rate (In bits per second) for all systems
- 

- 
fixed . Thus, the pulse duration of the uncoded and coded systems differ. The required ratio of received
energy per Information bit to noise power density as measured In db for a block error rate of ~~~ for var-ious block codes is given in Table I. For each code we assume hard decisions at the receiver and bounded
distance decoding where the decoder corrects all error patterns containing t or fewer errors.
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Table I 
-

m k R’ ~ t ~ew 
( 5

~
’N0~ db Conments

23 12 .522 3 1 x io~ 9.3 Go lay code

21 12 .571 2 1 x i~
”
~ 10.0 BCH

31 16 .517 3 1 x lO ”~ 9.3 BCH

45 29 .644 2 1 x lO’~ 9.3 BCH

31 21 .678 2 1 x lO’~ 10.3 BCH

63 36 .571 5 1 x lO’~ 8.0 BCH

63 39 .61 9 4 1 x lO~ 8.5 BCH

63 45 .714 3 1 x lO ”~ 9.0 BCH

73 45 .616 4 1 x lO~ 8.5 BCH

127 92 .724 5 1 x 1O~ B.O BCH

127 71 .559 9 1 x 1O ”~ 7.0 BCH

255 179 .702 10 1 x 1O~ 7.0 BCH

255 115 .451 21 1 x lO~ 6.5 BCH

1 I 1 1.000 0 1 x lO~ 11.0 Uncoded

We note that codes of moderate complexity save approximately 2 to 3 db in required signal-to-noise ratio
over uncoded systems while the very complex (255,115) 21 error correcting code achieves a saving of 4,5 db ,
It Is to be noted that we are comparing codes with different block lengths and that we have fixed the block
error probability and not the bit error probability , However, essent1~l1y the same result Is obtained ” E

~
’

we fix the bit error probability . At a block error probabil ity of lO~ approximately 1 db less signal-to-
noise ratio is required.

For the same channel model , convolutional codes outperform block codes of the same rates, A rate 1/2 con-
volutional code of long constraint length employing sequential decoding or the stack algorithm requires a
ratio of energy pe~ bit to noise power density of approximately 4.5 db in order to achieve a bit error
probability of 10’, This is a saving of 5.5 db over the uncoded system but requires a very complex decoder.

Short constraint length convolutional codes empl oying Viterbi decoding also outperform block codes for this
channel . A binary rate 1/2 convolutional code of moderate constraint length requires a rat~o of energy perbit to noise power density of about 7 db in order to achieve a bit error probability of 1O . Shorter con—
straint length codes require somewhat higher signal-to-noise ratio but savings of more than 3 db are obtained
for relatively simple codes (and decoding algorithms) (HELLER, J. A., 3ACOBS , I, N,, 1971).

4.2 AdditIve Gaussian White Noise Channel (Soft Decisions)

For an additive Gaussian white noise channel , the maximum likelihood receiver for uncoded bipolar signa1l~ng
consists of a matched filter followed by a threshold ~iecision device. In the previous section it was
assumed that s uch a detector was used for the coded case prior to the decoding circuitry . Thus the de-
coder was presented with a sequence of 0’s and l’ s at its input,

It is wel l known that in ~he coded case the analog signal at the output of the matched filter prior to thethresholding contains more Information than the “hard decisions ” emanating from the threshold device, In
fact no information is lost by the matched filtering and these “soft decisions” at the output of the matched
filter contain all the Information required to make a maximum likelihood decision In the coded case.

As a rule of thumb, one can say that for any given code, one achieves an additional savings of approximately
2 db by using the soft decisions at the decoder input rather than the hard decisions , In principle , this
2 db savings can be obtained for both block and convolutional codes, In practice , however, soft decision
decoding is much easier to use for convolutional codes than for block codes.

At a bit error probabil ity of l0”~, the following table (HELLER , J. A,, JACOBS , I , N ,, 1971 ) gives the per-fonnance of some convolutional codes of constraint length 7 using the Viterbi algorithm and soft decision de-
coding.

(Energy per bit/noise
Rate power density ) db

Convolutional 3/4 4 . 4 db
ConvolutIonal 1/2 5.5 db
Convolutional 1/3 4.0 db
Longer constraint length codes achieve even better performance but for very long constraint lengths the
Viterbi algorithm is impractical and one must use sequential decoding or the stack algorit~r.
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~Soft decision decoding of block codes theoretically show comparable performance to convolutional codes but
the compl ex i ty of decoding often makes such a schene impractical . One can always build an optimum maximum
likelihood decoder with a decodir.~ complexity proportional to the number of codes. For a binary (n,k) code.
this means the decoding complexity Is proportional to 2k . Recently (WOLF . J. K., 1978) an optineam algorithm
was presented which has a complexity proportional to 2 (n-k) for such codes . Various sub—optiniun algorithms
show promise.

The performance of such codes improve with blocklength. The following table gives the required ratio of
energy per bit to noise density for orthogonal codes using soft-decision maximum likelihood decodi ng in
order to achieve a bit error probability of lO~~.

k (requi red signal—to -
j~.!_~.l 

i_ noise ratio) db

(8,3) 8 10 db

(16,4) 16 9 db

(32,5) 32 8.3 db

(64,6) 64 7.6 db

(1024 ,10) 1024 5,9 db

(2 15 ,lS) 215 
~~ db

(2~ ,o~) 2~ -1.6 db (limiting
case)

The extended Golay (24.12) code requires about 5.5 db signal to noise ratio in order to achieve a bit error
probability of lO ’~. -

4.3. Rayleigh Fading Channel

We first consider a block coding scheme (PIEPER, J. F.. PROA K IS , J. G., REED , R. R., WOLF , J. K.) where the
data bits are represented by n bits using an (n,k) block code. These n bits are assigned to n frequency
slots so that if the bit Is a 1 that frequency Is transmi tted while if it is a 0 the frequency is not trans—
mitted . It is assumed that the frequencies fade Independently In accordance with Rayleigh statistics and
that all frequency channels are corrupted by independent Gaussian noise of flat spectrum .

To decode, the squared magnitudes of the responses of the matched filters corresponding to the n frequency
cells are first formed. We call these “decision variables” . Then, for each code word, these decision van -
ables corresponding to l~s in the code word are summed . If all the code words have the same Hamming weight ,
that is, the same number of l’ s, then the maximum likelihood decoder decodes to that code word having the
largest stan of decision variables. Such a scheme is onl y practical for moderate values of k (say k 10).

A similar transmission scheme can be considered for convolutional codes. For example for a rate 1/2 code,
every message digit corresponds to two channel symbols and thus two frequencies.

Curves of performance for both block and convolutional codes are shown i n  Figure 4. It is seen that the
savings in signal—to-noise ratio achieved by coding is much greater here than in the non—fading channel
model .

5. SUMMARY

The purpose of this paper-was to present an overview of various coding techniques available for error control
over noisy communications channels. The parameters of several conanon codes were given . The performance of
these codes for signalling over two common coninunicatlons channel s was then presented.
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Design of Efficient Coding and Modulation
- for a Rayleigh Fading Channel
— JOHN F. PIEPER, ~~~~~~~~ IEEE~ JOH?~ G. PROAKIS, ~~~~~~~~~~~~~~ i~~~~ ROGER R. REED,

AND JACK K.. WOLF, ~~~~ow, z~~

~ A~W-~ —Th~ d 01 a ~~~sg/.oth4adom aa~~~~e fo~ ~~~ idealizations that the fading and (a~iditive white Gan~~~ n)
L ~~~uij~ do~ ov~ a Rayle~gb fad1n~ ‘~‘—.—I, ,~~ aumeu~-~ c~ ~~ 

-

c~ mepo~~~~~ ~~~~~~~~ 
sod the en~w rate p~ fomeaact od t~e rmeddn~ 

noise P1~OC~SS~ S are mde~endeut and ide~ti~~JJ’ distrib-

~ ~~~~~~ 
N5 ~~~~~~~ Empà~~ Is 0~ the 01 ~~~aw w~~~ code icr uted among all the cells. We also assume sufficient separa-

~~~~~~~~~ ~~~ 
eo~v wavdor~~ f~ ~~~~~~~~~~~~~~~~ ~~~~~ ~~~~ ~~~~ ~~~ (guard space) between adjacent cdll~ so that interceil

The pedoi~~sCS ~~~ that me aclge,ed by the tmteV*ed co.J~sg/wiot~. interference cain be considered negligible. We note that
hdeo ~~~~O1~~ i~~edve to a,a,eedoa~I method, for ebednlng ~~~*y are ~~~ separation often follows directly from the assumptionui~mited ‘ii “‘~ i~~~~~~ Of apedal ~~~ r~~t b the ~~e of a eo.- o i~d~~~d~x~t fading that requires that the cells bemeaiiaed cothag tec8~~~~ for terming ~~~~~ cI ~~~ e ~~~~~~~ ~~~

— 
W,b ~~~*y. A ~ ~~~~~~~~~~~ ~~~~~~~~~~~~ ~~ ~~ ~~~~~~~~ ~~~~~ 

s~~~~ t~ä by at least the coherence time and coherei~ce
dacodlig 01 the r’o..—”.--ted aide. 4~m ~~~~~~~~ i, ~~~~~ 

• ~~~ bandwidth of the channeL As required, messages can ~oe

—~~~ Ina~~~ oI am-eral 4B r~~~ttng 1mw ~~~~~~~~~~~~~ interleaved to prevent this separation of cells from result-
ing in an excessively inefficient utilization of the signaling

~: I. IwrRoi ucrio~i ~1’~~~’ We choose not to presume the ability to establish

~ 
phase references for the cells in a signal. Rather, we limit

~ A N INTEGRATED coding/modulation approach oU1~$CIves to the importa nt special case wherein coherent
( J1_ for digital transmission over a Rayleigh fading combination is not possible. For a~ applica~on where this

~ channel is presented. Our main purpose is to illustrate the restriction is not necessary, the extemion of our results is

~ 
~~~~ormance gains that can be achieved by such an ap-
proach relative to conventional methods that rely ~~ 

In Section II, we consider the desi~~ of a generic
— standard diversity techniques for obtaining a desired relia- coding/modulation structure appropriate for the channel

bility in transmission. Some well-known codes ~~ ~~~~~~~ ~ and the corresponding maximum likelihood decoder. In
examples to illustrate the benefits of the rateci Section III, we briefly describe several methods for form-

- coding/modulation approach. Of particular i~icance is ing codes for the fading channel a~d introduce a particu-
the additional gain in performance achieved by con- larly useful technique based upon concatenation. In Sec-
catenated coding. A computationally efficient algorithm tion IV, we derive upper bounds on the average error
for decoding a high-rate concatenated code is also pie- probability for the maximum likelihood (soft-decision)
sented. decoder for block codes and convolutional codes. Some

- 
We do not consider the channel itself in detail. Instead perfOrm ance results are presented that fflur..rate the

- 
we postulate in this section, as a background to the rest of advantages of an integrated coding/modulation approach
the paper, certain properties of the channel and of the relative to conventional diversity techniques. The added
resulting sjgaal structure. We offer the underwater performance gain achieved by concatenation is illustrated

- acoustic comm unications channel as an exampte of the by means of an example in which a Reed—Solomon code
type of channel we describe~ 

is used as the outer code and a Hadamard code is used as
We assume that a signaling space is available that j,~ the inner code. Finally in Section V, we present an

partitioned into time/frequency cells. Within a cell a tone efficient decoding algorithm appropriate for the soft-deci-
- may be transmitted. We invoke the usual ~~~~~~~ 

sion decoding of (high-rate) concatenated codes.

II. INTEGRATEI) CODING/\ - ooui~iioi’i DESIOI.IManuscript received April 28, 1977; revised Janwy 4, 1978. This
— 

wont wsa suppored by the Naval Underwater syseenti Center. N~~ A model of the digital communIcations system that we
London Libommoty, under Connict N00140-76-C-6533 to Stein will consider is shown in Fig. 1. The transmitter employs a

-
- 

J. F. ‘ r ~~~~ ~~~~~~~~~~ i~~~ L~~itigtoti, MA combined encoder/modulator to generate waveforms
1.0. Proüj~ ~j w~tj~ tit Dspsrtu~en~ of ~~~~~~ Engjn.~~~~~ N~~~ from the input data bits. For this part of the discussion,

eastern University, Boston, MA (ft 15. we restrict ourselves to the use of block coding. The blockK. R. Reid is with Raytheon Company, Sudbury. MA 01776.
I. K. Wolf is with the Department of El.ccnc*1 and Compuser ~~ encoder accepts k information bits at a time and maps

~nhirin& ~~~~~~~ of Meissthusens. A~ hm~t, MA 0L2002 them into blocks of it bits. We employ the usual notation

OO l8-9448/78/07Oo ~457$oO.75 01978 IEEE
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Fig. 1. MOdel of oneumuni~~ tinç~ y~~~

of an (n,k) cod& for a binai~y block code wherein each Since the MTFSK and MTOOK waveforms are ret-Codeword is composed of n bits and conveys k bits of dered identical under the mapping given above, it j~information. The number of different information-bearing unnecessary to consider the two waveforms separately. -cOdewords possible in an (n,k) code is 2*. If the total Instead, we arbitrarily choose the term MTOOK to di.number of words satisfying the defining properties of a Scribe the signal waveforms generated by either modula-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ tar.
nonlinear), then the 2k ~~~ words that can be used to The receiver we choose employs maximum likelihoodconvey binamy data are chosen as a proper subset of the (soft-decision) decoding to decide to which of the Mentire code. For the sake of generality, we denote the possible codewords a received waveform corresponds. Thenumber of codewords as M. received waveform is separated into it spectral resolution

The modulator accepts the block of n bits correspond- cells corresponding to the available tone frequencies at the
lag to a codeword and assigns each bit to a cell in the ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~partitioned si~~~ space. Waveforms are constructed by mth filter being matched to the mth frequency position i~following the convention that a tone pulse is generated in the MTOOK signal structure. Since the Rayleigh fading
a cell if a “one” bit is assigned to that cell and that no and the additive white Gaussian noises are mutually stat.energy is transmitted in a cell to which a ‘~zero” is istically independent and identically distributed random
assigned. This choice of basic cellular modulation is based processes, the maximum likelihood criterion requires that
“I our assumed inability to detect received tones coher- these filter responses be noncoherently (square-law) di-ently. The waveform type that results for an ensemble of tected and combined to form the log-likelihood terms for
such signals is termed multitone on/off keying each of the M hypotheses. The codeword corresponding
(MTOOK). Because of the assumed mutual statistical to the maximum of these terms is then selected [1).
independence of the fading in the cells, the performance The computation of the log-likelihood quantities is cx-of the communications system will not depend upon the tresnely simple when all the M waveforms have exactly
particular aSSignn~ent of message bits to signaling cells. the same average received energy. Under this condition
Accordingly we choose the most direct model whereby the and for mutually independent and identically distributed
bits composing one codeword are all transmitted within Rayleigh fading among the it cells as postulated in the
one time slice. previous section, the receiver does not have to know (or

An alternative mapping cf the it bits into eh~~nel measure) the signal-to-noise ratio in each received cci].
wavefor~~ can be accomplished by means of frequency- and no bias compensation is required in the computation ‘shift keying (FSK). With FSK, each bit in a codeword is of the log-likelihood quantities [2). This is such an im-
assigned two cells: one cell for a “one” and the other for a portent consideration in any practical implementation of ~ -;
“zero.” Consequently a total of 2n cells are required .to the receiver that we impose it as a requirement for the Mtransmit the code block of n bits. In this mapping, it out waveforms.
of the 2n cells will be keyed on for each code block. The The condition of equal average ener~ ’ among the Mtype of waveform that results from this mapping is termed waveforms is sat.isfied if every one of the M codewords
inUltitOne FSK (MTFSK). haseX Iy w onesand n-w ze~~~~Le the~~~~~h~It should be noted at this point that the MTFSK constant weight w. Since the mapping 0—.O1 and l-’~lOwaveform is identical to the MTOOK waveform if the can be used to convert any variable weight code to a
latter is generated by replacing each “zero” in the block of constant weight code, there is really no restriction on OUT
it bits by 01 (0—001) and each “one” by 10 (l-.lO). The choice of codes.
result of this mapping (0—n~01, 1.-p 10) is simply to double We now complete the discussion of the computation of
the block length and the minimum distance of the code, the log-likelihood quantities under the constraint of
In addition, the mapping results in a fixed weight code of equal-energy waveforms. Let ~~~~ j 2 be the square of the
weight equal to it, i.e., all of the length 2n codewords have envelope of the output of the mth matched filter. Let the
Hamming weight it . mth element of the ith codeword be denoted ~~ where x1,

is citherO or I. The ith codeword is then the binaiy vectorIt n customary to use this notation only for lineir block codes, but , . 
—for convenjenos we use the notation (a, k) for any block code where ~ , Xe, ’ ,X,,,,, ant.. were are i.~i SU~.u vectors ~or I

and k see defmed shove. - . ,M. It can be easily shown [2] that if the M signal
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patterns (corresponding to the M codewords) are ti-ans- TABLE i
initted with equal a priori probability, then the decoder ~~~~~~ °‘ c~I~~~~ W!tOKT COOS Fti~~~~ lY MZTHOO I
that achieves the smallest possible probability of error in
choosing the correct codeword based upon the received c°~’ Par~..c.rs Or1 t~&1 GøL.~ Coe. t aat V.is~ c

waveform is the one that computes the M decision van- ~ 24
ables (log-likelihood quantities) ~ ~ U

v,_~~~~ xj,.,)u,,,I2, i ’— 1,2,• • • ,M (I) : ~ ‘°:: —

and chooses the codeword corresponding to the index i ~~
for which the summation is a maximum. w ~&~(*btS 24

Although the discussion given above assumed the use of a zero and another sequence for each one, a constsnt
a block code, a convolutional encoder could be sub- weight binary block code ~iJl be obtained if the two
stituted for the block encoder shown in Fig. 1. For exam- substitution sequences are of equal weights and lengths. If
pie, if a binary convolutional code is selected, then the the length of the sequenceisiand the originajcode is an
output sequence of zeros and ones may be transmitted by (n,k) code, then the resulting constant weight code will be —

binary FSK, or equivalently, by on/off keying if the an (~n,k) code. The weight will be it times the weight of
mapping 0—oOl and l~~l0 is performed on the output the substitution sequence, and the minim um distance will
sequence of the encoder. The maximum likelihood (soft- be the mii~irnum distance of the ori~ nal code times the
decision) detection criterion for the convolutional code distance between the two substitution sequences. Thus the
can be efficiently implemented by means of the Viterbi use of complementary sequences when ~ is even results in
algorithm when the metric corresponding to any path a code with minimum distance ~~~ and weight ~n/Z
through the tree or trellis is chosen as a linear sum of The simplest form of this method is the case ‘— 2
squared envelopes selected from the two matched filter described in the previous section. where every 0 is re-
outputs [3]. Therefore the substitution of a convolutional placed by the pair 01 and every I is replaced by the
encoder for a block encoder is straightforward. complementary sequence 10 (or vice versa). As an exam-

A~n important parameter in a block code is the mini- ple,we take as the initial code the (24,12) extended Golay
mum (Hamming) distance, denoted by d~~. For a con- code. The paramete~ of the original and of the resultant
volutional code~ the distance parameter of interest is the constant weight code are given in Table I.
minimum free distanc; denoted by d1~~. The dependence We note that this substitution process can be viewed as
of the error probability on the distance parameter is given a separate encodin& This secondary encoding clearly does
in Section W. Another important parameter is the code not alter the information content of a codeword—it
rate, defined as the ratio k/n. In our comparison of code merely changes the form in which it is tranaminet Since
performance, we find it convenient to use the reciprocal the new codeword is composed of pairs of bits~ one “on”
(r i / k )  of this ratio, which we call the banthvid~h e.~pwuion and one “off,” MTOOK transmission of this codeword
factor. produces a MTFSK waveform as indicated in the previ-

We now present several methods for constructing codes otis section.
that result in equal-energy waveforms. The substitution of complementary binary sequences

for the output sequence of zeros and ones from a binary
IlL METflODS FOR CONSTRUCrING CODES Ta~r convolutional encoder also results in equal-energy wave-

RESULT n.j EQUAL-EN~R0Y WAvaroai~s forms. Hence this method is not resthcted to block codes.
. . . unlike the next two methods that are presented.Several methods for generating codes that result in

equal-energy waveforms are presented in this section. We Methüd 2: £~pw~-ation
refer to the resulting codes as constant weight codes. Since j~ ~~~ method we start with an arbitrary binary block
by definition a constant weight code cannot contain the coie and select from it a subset consisting of all words of
all zero (identity) codeword, such a code must be nonlin- a certain weight Several different constant weight codes
car. Nonetheless~ by the use of an appropriate nonlinear can be obtained from one initial code by varying the
operation a constant weight code may be constructed choice of the weight w. Since the codewords of the
from a linear code. Thus much of the prior coding art resulting expurgated code can be viewed as a subset of all
may be applied to our problem. We briefly describe possible permutations of any one codeword in the set,
several methods by which constant weight codes can be the term “binary expurgated permutation modulation”
constructed. This discussion is by no means exhaustive. (BEXPER.M) h~ been corned by Gaarder [2] for describ-

ing such a code. In fact, the constant weig ht binary blockMethod 1: No,thnear Transforrnano~t of a Lrnear Co~~ codes constructed by the other methods may also be
In general, if in each word of an arbitrary binary code viewed as BEXPERM codes This method of generating

we substitute one binary sequence for every occurrence of constant weight codes is in a sense opposfle to the r~~~~t

_ _ _ _  

-
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TABLZ IllTA3LE 11
E~s~~.es op CONTTAIeT Wa~ogr Coces Fos~~ py ~~~~~~~~

P~1PuaoA11oN _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _

____________ __________________________________ ___________________ cod. Par ts,-, B( ~~,k)
;1I r~~~~~t .r, or l$Lnsl ~ coa.ta~~c WSLØ%t #1 coea~~e~ w.*~t,t ~2

24 24 24e 
k 1+L1o$~(D—2) J S1’ 9 U- 
N 2(~ -1) 3*40% 759 2576K 
d ~./2 108 ‘I ~En - - 
V i~f2  10, variable B 1.2 _______________ __________________ _______ —

. •rABLE TVmethod in that the word length it is held constant and the 
~~~~~~~~~~~~~~ ~, ~~~~~~~~~~~~~~ 

-
code size M is changed~ The minimum distance for the ___________ __________

constant weight subset will clearly be no less than that of i~~ rd i~~sch

the original code. As an example, we again consider the ~~t~~~~tt~~ ~~~~~~~ ~
(24, 12) extended Golay code and form the two different - ,~~~, q

L

constant weight codes shown in Table IL 
-~-4— ~~~~ d~~~~i. ~~~~~~

Method 3: Hadamard Matrices
This method might appear to form a constant weight

binary block code directly, but it actually is a special case
of the method of expurgation. In this method, a Hada- the inner code and is an (n ,k) constant weight (nonlinear)inard matrix is formed, and a constant weight code is black code. The nonbinary code (that may be linear) iscreated by selection of rows (codewords) from this matrix known as the outer code. To distinguish it from the inner[4], [5~ An alternative method is to start with a Hadamard ~~~~, ,1~ nse upper case let~ers and brackets—e~g~, anpolynomial and to generate codewords corresponding to [N,~~ ~~~~, where N and ~~

‘ are measured in terms ofcyclic shifts of the coefficient vector. These two methods ~~~~ from ~ q-ary alphabet. The size q of the alphabetare equivalent since the matrix may be defined as being over which the outer code is defined cannot be ~ eatercomposed of row vectors determined by cyclic shifts of 
~Lh~n the number of words in the inner code. Using thesethe polynomial coefficient vector. 

• two ~~ we form a constant weight binary block codeA Hadamard matrix is an it x n mathx (it an even by assigning to each symbol in the nonbinary alphabet ainteger) of ones and zeros with the property that any row 
~isti~ ct word from the inner code. The outer code, whendiffers from any other row in exactly n/ 2 posttons. (Il , as defined in terms of the binary inner codewords ratheris sometimes the convention, the elements of the matrix ,ha~ q..ary symbols, is the new code. We refer to thisare either +1 or -1, then the defining property of the ~~~~~~ as concatenation because of its ci’r~i1nrity to thematrix is that the rows are all mutually orthogonaL) One 
~~~~ g sch~~ e introduced by Forney [6) to whom therow of the matrix is normally chosen as being all zeros. 
~~~~~~~~ of inner and outer codes is also due.The other rows are then bail zeros and half ones. A 

~~~~~~~ the concatenated code which results is a constantconstant weight binary block code is obtained by selecting 
weight ~~~ black code is easy to verify. We call it anthese latter fl~~ i rows. This code can be extended to a [N ,~~~n,k) code to indicate the salient features of thecode of size M-2(n-- 1) by including the complements of outer and inner codes from which it is formed. The: these rows. We will refer to such a constant weight code 
~~~~~~~ of the concatenated code are given in Tableas a Hadamard code, denoted H(n,k), although strictly ~~ where the subscripts I and 0 denote inner and outer,speaking one should define a Hadam~rd code as the code

~: of size M 2 n  COflSiStiflg of all rows and their comple- ~~ ~~~~~~ ~~~~ ~~-.t ~ obtained when q is equalmeats of the Hnd~nisid matrix. to 2k and the inner code size is chosen to be 2~. Then theHad2ni~rd matrices (and hence Maziarnard codes) have 
~~~~ of words is M—2 ~~, and the concatenated struc-been shown to exist for n-2,4, and all multiples of4  up ~~~ ~ an (nN,kK) code. The bandwidth expansion factorto 200 with a few possible exceptions [4] . The properties of of this concatenated code is the product of the bandwidtha general constant weight Hañamsvd code and of a 

~~a.nsi~~ for the inner and outer codes.specific code to which we shall later refer are given in In this paper we will consider one specific type of outer— Table III, where 
[ J denotes the greatest integer less ~~~~~ code that is especially well suited to the concatenationor equal to the enclosed number. 

~~~~~~~ This is a single parity symbol Reed-Solomon
code defined over an alphabet of arbitrary size q withMethod 4: Concatenat ion 
arithmetic modulo-q. (Strictly speaking, when q is not a

In this method we begin with two block codes, one power of a prime~ this code is not a Reed-Solomon code.
binary and the other nonbinaiy. The binary code is called Further, when q is not a prime but only a power of prime.
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TABLE V For reference, we give an upper bound on the error rate
EXAaeLS 0? CONCAT!NAT!D CCC! AND liS PA1A~~ TU3 

for an M-wj orthogonal waveform set with
Cod. Ps~~~~ ts rs j~~.r out.r oncac.~ atsd d1V~ Sity. ThCfl we derive an upper bound on the probabil-
..ord tii~~th 20 9 110 it)’ of erro r for a constant weight binary block code

transmitted via MTOOK over a Rayleigh fading channel2
tn~o~~~tta,, on~~~~ S ~ 60

a ~o The performance of the concatenated code described in
CQ4. stz. 32 -2 ~~~ the previous section is also derived and evaluated. Finally,

we give the error race performance of binary convolu-
~~ni__ 4ia~as~c. 10 2 20 . . . ~ -tional codes in terms of their generating hmction.
‘..t,bt 10 — 90

ban4w~4Cb •zp~~aioe 4~. 1.125 6. S OI•thO~Oflcli Wavefonns

Orthogonal waveforms with diversity ,D are constructed
the aiithinetic of a Reed-Solomon code is not modulo-q by assigning 0 unique (nonoverlapping) cells or chips to
but is that for GF(q). However, for the single parity case, each waveform. Thus an M_ 2 k sign~1in g alphabet re-
these restrictions are not required and all of the properties quires a total of DM chips for each waveform in theof a true Reed-Solomon code apply to the code we use.) alphabet to have diversity D. The sigeal-to-noise ratioA word in this [N ,N —  1] code consists of N —  I informa- (SNR) per chip (~) is related to the SNR per bit (~‘~,) by— tion symbols and a single parity symbol chosen so that the the expression
modulo-q sum of all N symbols is zero. The minimum
distance of this outer code is two. The value of N is .~, .._ ~~~~~ (2)
arbitrary and can be chosen as convenient. The alphabet C D
size q is chosen the same as the size of the particular inner since each waveform consists of D chips and conveys k
code to be used~ bits of information. The corresponding bandwidth expan-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ sion factor is
detail, we consider the concatenation of the [9,8] Reed DM-Solomon code with the H(20,5) code. By defining the B1 — . (3)
[9,8] code over a 32-ary alphabet. we have a concatenated k
code with parameters given in Table V. The probability of a symbol error f or  M-axy orthogonal

We may picture the panty symbol in the outer code as ~~~~~ OVCT a Rayleigh fading channel with diversity is
being appended to the first N -  I symbols. A useful inter- given in closed form by Hahn [9]. The expression is rather
pretation of the concatenation process, based on the sys- ~~~~~~~~~ to evaluate~ however, especially if either D or
teinatic property of this outer code, then results. N -  I M (or both) are large. A union bound is more convenient.
words from the inner code are transmitted in exactly the That iS, for the set of M orthogonal waveforms, the
same manner that they would be if only the inner code proba~~ty of a symbol (waveform) error can be over-
were being used. The only effect that the concatenation bOuiided as follows:
has is to insert a parity symbol into the data stream. The ~~M ‘Z(M I)P~,~~~~(D)_(2*~ l)F~~ thO (D)
Overall dala rate is decreased by onj yafactor of (N-
1)/N , yet the n~it~imum distance is doubled. Later we ~~~~~~~~~ 

(D ) (4)
show that the associated increase in decoder complexity is . .not as great as might be expected, and we give an example where 

~~~ 
(D)~ the ~robabihty of error for two ortho~-

of the performance increase that can be obtained in this Oflal waveforms each with diversity .D, is [10]
manner. 1 D-l /1+ “We note that, instead of using a nonbinary block code ~z ort~o (D ) p 

~ ( D -.
,
~ + r )~ ~~~!i)U the outer code, one can use a nonbinaxy convolutional (2 + ~

) ‘—o
code in a sim~ z concatenation procedure. One such code ~that is suitable is a dual-k convolutional code [7J, For ..p o 

~: 
(D— I +r ’~ 1 ..

~~~~~

‘
, (5)

~ample, a dual-5 code can be used as the outer code and ~-o ‘~ ‘ ~
the H(~~~ block code used as the i.’ner code. an~~ where

IV. U~n~ BOUNDS ON ThE PROBABILITY OF ERROR IIn this sectjon we present upper bounds on the average ~~2+~ 
(6)

~~
1:babii1tY for equal energy waveforms constructed 

~ the probability of en~or for binary FSK transmitted overin the previous section that are transmitted ~ • . . .tYer a R.a I ~ 
. a 

~ ~i C C WI flO vermty. or e
to ilhlStrate the gains in perforniance achieved by the ~~~

‘

~~~~
‘ 

~~ ~~tb~ 
(D) is well a~~roximated and overbounded

~:rted codJng/modul~tjon approach when compared ~~~~~~~ ~~ bioá a 4e p~1onuan~~ f~~a Râ~an càaim~1 aie ~~COnve~fl~nn~ M-arj orthogonal waveforms. ~~‘ P~P~ ~‘Y ~~~“S ~~~

~~~~~~~~~~~~ 
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b the cx on tWO CO4CWOTdS Of l4~mming distance d. Since weight
- 

y pressi 
~ ~~~ID - l +r \  distributions are tabulated for many codes of prac~~- 

~~~~~~~~~ 
(D )<

,2+ ~D ,~~~ ~ r I interest, (12) may be evaluated exactly.
t •1~1 As an alternative, we can use an upper bound ~~

-~ 12D—l\ 1 
~~ 

P2(iIj)~and hence also for P ,that applies to any~~~.— 1% D I (2 + y )° ~ 
‘L ) stant weight code when M is not too large. Front theC discussion given in the Appendix, it follows easily that the

Another upper bound (the Chernoff bound) on the 
~~~~~~ probability fo any binary decision between two

probability of error for binary FSK with diversity is also constant weight codewords x~ and x~, given that ~ was
available [1], namely ~~~~~~~~

p~,~~~~(D)<(l/2) [4p( 1_ p)3
D (8) 

.

. . . F2(i , j)~~F~~~~ (D) I D _ I , , ~, (,,~ ) (13)
~ 

where p is given iii (6). A more interesting form for this
- bound is obtained by noting that ~~~~ dH(~~~) is the }Lainming distaiice between the

•l codewords. But dH (x~,xJ ) > d . Therefore P~(i j )  ca~~ot
{4~(1—p)J ~~~ eXP 

_
k7b(j ~~~)in  

1+:.c 
2~ 

exceed P~~~~~(d_~/ 2), and hence
- b (i+ .~~) j ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (14)

~ -exp ( - k7~f eY~) )  (9) is a readily computed upper bound to the word error
~- probability when a block code is used. Thus the “effective
~: where order of diversity” of the code is d~~/Z as discussed in
~ the Appendix. Since w chips are transmitted per code-

‘I ~_ ._~L1 ‘~ Yc (I 0~ 
word,the SNRper chjp y~jn(5)—(8) is now defj~edu

~ J~.7cJ 7~~~ .y 2~ ~ “ I k
~ 

C (i+-~) 7C~~~;7b (15)

~ 
‘the function fly~) reaches a maximum value of 0. 149 at where k— lo& M information bits per codeword and ~ is

~ .rc~ 3 (5 dB). This is the well-known result [1] that the the SNR per bit.
~ optimum SNR per chip for M-ary orthogonal waveforms
~ transmitted over a Rayleigh fadi ng channel with diversity Perfonnance Results

is approximately 5 dB.
~ In order to illustrate the performance gains that can be
- Waveforntr Construae dfroin Block Codes ~~~eved by an integrated coding/modulation approach

and soft-decision decoding, we have plotted in Fig. 2
:: Consider the decoding of a waveform corresponding to upper bounds on the performance of four block codes
~ 

a codeword from a constant weight code of size M and each having a bandwidth expansion factor B~~ 4. The
- weight w. Again we denote the word error probability by code parameters for the Golay (48, 12) code and the

~~M where the subscript denotes the M hypotheses among Had~mard H(20,5) code were given in Section IlL The
- which the decoder must choose. Similarly let P~( ij )  de- other two codes were obtained by expurgating a (52. 17)

note the probability of making the incorrect choice be- code [1 1] to yield the (52, 13) code and a first-order
tweeti the hypotheses i andj. Then an upper bound for Reed-Muller (16,5) code to yield the (16,4) code. Their

~ ~ M’ obtained by use of a union bound [I], is parameters are given in Table VI.
~ 1

• 
M M The perforinance in Fig.2isgivenin tcrms of the bit

~ FM ~ 
— E ~~~~ 

P3(ij). ( 1 1) error probability Ps,, where the approximation P~~- M 1_ 1f,1,1 (1/2)PM has been used to derive J’~ fromthe codeword
: For the channel model we have postulated, F~(ij) de- ~~~ probability 

~~M• The upper bound in (14) is used for

~ 
jiends only upon the distance d between codewords I and

~ 
j  and may be written as P~(d,:). LetA(d,:)be the number TABLE VI

~
- of codewords that are at a distance d from word i. We ~~~~~~~~ °‘ ~~~ 13) ~~ D!A~~~F~ ST.OR~5R R~~~MUUfl

then write _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

I Cod. Pa~wt .ru~ (52.13) Cod. a..d—~ 1t.y Co4s
PM 

~~ ~ ~ 
A(d,i)P 2 (dJ). (12) 

16

For a linear code the distance distribution for any code. k 13 ~ 4

word . is the same as the weight distribution. The depen- ~ ii*ii ~ ~~
deuce upon i vanishes, and we may write A(d) for the ~~ ~~ a
number of words at distance d and ?2(d) for the basic 

~, ~~error probability involved in ni~king a decision between • __________ ____________ ~~~~~~ 
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Fig. 2. Perfof~1)ncc of several ccdes v~~uz conventâonal ~~~~~ty tecbniquai.

~ M ~ conjunction with the exact form for P~ ~~~ results given for maximal distance separable codes [11],
(dmj 2) given in (5). namely,

To compare the performance of the above codes with ( N\ (~~~!\ ~~~~orthogonal waveforms employing conventional diversity, A (d ) 
~ d )(. q ) [~~

‘ 1) 
~ 

I) 1’
the curves for binary (M—2) and quaternary (M-4) -

FSK, each with dual diversity (D 2), are also shown in d-1,Z~ ~ ,N.
Fig.2.A comparison of the curves dearly illustrates the 16
pins in performance achieved by the coding approach. Note that A(1)-0 in accord with a n’iathnum distance of
However the performance can be further improved by 2 for the outer code.
concatenation as we now show. Since a distance between outer codewords of d symbols

is equivalent to a distance of at least dd ~~~ chip positions
Concatenated Code between the corresponding waveforms, we have

We consider the performance of an [N , -‘Y— lXn,k) con- F2(d )— ~~~~~ (d~d~~ ’2). (17)
catenate~d code. We assume the outer alphabet size q and Flfll.lly , the SNR per bit must be modified to account for
the number of inner codewords to be 2k. ‘~‘k~ ~~~~~ of the energy used to transmit the outer parity symboL Thus
outer codewords M’.’q” ’  is too large for the union .jN I\ ( !~~? (18)bound in (14) to be appropriate. However,as the [N,N— 

,,c ~ N J k w J  ~
1! outer code is linear (over the f ield GF (q)), its exact is used in place of (15). By Substituting (16)-(18) and (5)
dis~ nce distribution may be used to evaluate (12). The into (12) we obtain the desired bound on 

~~ ~weight (or distance) distribution of the Reed-Solomon bound is evaluated for increasing values of y~, we observe
~N,N- 1] code can be determined as a special case of the that all terms other than the du.2 term rapidly become

~~- -~--- .— 
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Fig. 3. 1~mpTovement in perform ance iasulting from ~~~~~~~~~~

— insignificant For error rates of practical interest we may code, error rates were calculated for choices of N from 2
- 

then write to 25. These are plotted in Fig. 4 showing the bit error rate
~~b~~~

(l/2)FM as a function of N with the SNR per bit
F < 

N(N — l)(2k 1) 
~~ 
‘

~~; ~ 
( 

D — I +J \ ,~~ _ ~‘ held fixed. It is seen that there is an optimal range of
M 

2 ~ 
~~~~~~ J 1’ ~1 values for N.

.D — d - ‘19’ From (18) we note that for small N, an excessive
; ~~~ ‘ I fraction of the total signal energy is expended in the parity

p — ~ symboL This explains the rapid deterioration in perfor~
2 ( N — l \ ( k \  ~ mance that can be observed as N decreases towards its+k z~ )k )7b minim~1 possible value of 2. As N increases, the ratio

~ N/(N — 1) becomes constant Thus (19) predicts a
~, In Fig. 3 we repeat the performance of the H(20,5) quadratic increase in error ra te with N. Between these
~ code giveninFig 2 and alsoshowthe performa~ce of the CX1T~fles thCTeisanoptifl~aJchoiCe of N.3 In this caSC,the

~ 
concatenated code that is obtained by using the H(20,5) curves reach a minimum for N — 4.  The minimum is
as the inner code with a [9,8] outer code. At a bit error relatively broad, however, so that the choice of N 9  in
rate of i0~~ the concatenated code is seen to require the above example results in only a minor degradation in

~ about 4 dB less SNR. Considering that the bandwidth PCTfolllisflce.

~ expansion is increased from 4.0 to only 4.5, this is clearly .

- a dramatic improvement in performance. 31t ihou~d be obaerved that the value of the minim um and the shape Of
~t 

We stated earlier that the choice of the outer code the cwv~ depend m part o~ the fotmula used to coovut from cadewoid
~ 

. . . 6ITOT pTOb*WIty 10 b~i ermt pcobsbilny. O~u tho~cc t~~ds to bias thc
~ 

4ength N was quite arbitrary. We now consider the effect 
~~~~~ ~~~~ ~~~~~~~ 

,,
~~~~~~~ (,~ N than some other coevaii ~~

~ 
of varying this parameter. Using the H(20, 5) as an inner fo~~~uIas such as, for examp’e, the fcxmul P~~ (d~~ / n)P,,~..
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Fi& 4. Perform3nCe of concatecated code as function of oinet word IcugiA

Binary Convolutional Codes free distance of the code, and R is the rate of the (unmod-
ified or otiginal) code. Therefore, the bandwidth expan-Before concluding this sect ion on the performance of Sj~~ factor is BE —2L/R.codes on a Rayleigh fading channel, we briefly mentionk that a~ upper bound on the error rate performance of v. ~~~~~~~~~~~ DECODLNG OF HIoH-R.~mbinary convolutional codes with maximum likelihood de- 

~~~~~~~~~~~~~ CODEScoding can be obtained by using the generating function
of t]~e~ codes as described by Viterbi [3]. For binary FSK In the last section we presented a [9, 8]H(20, 5) code astransmission of each bit with Lth order diversity (or sri example of a concatenated code. Here M-2~°, and fullMTOOK transmission of the code modified as described ~~~~ ~~~~ decoding of one codeword would•10 Method 1 of Section In), an upper bound on the bit ~~~ to involve a prohibitive number of operations. In
error probabiljty is contrast individual decoding of the eight inner codewords

~ 
(which would occur if there were no outer code and which

~~b < ~~ Ck P2. artho (kL) (20) would yield the same information content as the decoding
k—d~~ of one concatenated word) requires eight decodings, each

with M — 32, for the formation of a total of only 2~ terms.where p
~, ortbo (kL) is giv.i by (5) with The problem of implementing maximum likelihood de-

R coding for very large codes is not a new one. Several
‘ye 

~i 
Tb~ (21) previous attempts have been made to design receivers that

are not strictly maximum likelihOOd, but whose perfor-
The Weighting coefficients (ce ) in the srnnm~tion are mance is almost as good. Various techniques for subopti-
obtaj~ed from the first derivative of the generating func- ~n~

] decoding have been proposed by Weldon [ 12], Forney
lion of the code, as described in [3), df~ is the minimum [13), Chase [14J , Dorsch [15J, aad Weinberg and Wolf [l6J 
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Recently a new technique has been proposed [l7~ for 0<j <N .  The path vector <P(kj)> contains the valuesachieving true maximum likelihood decoding of linear (indices) of the f symbols associated with V(kj) . Theblock codes using a decoder whose complexity is governed decoding algorithm is the following.

by the number of parity symbols (n -k) rather than by
the number of information symbols (k). This technique is ~
closely related to the Viterbi algorithm [3], [18] which has ~~ V(kj) 0, k — 0 , and — 

~~~~, k>O;
previously been used for the decoding of convolutional clCIJ <F(kJ)>.
codes. It is particularly suited to the decoding of the 2) J t -J +  1.
concatenated codes described in the prevwus section. As 3) 1ff-N , go to step 6), or else proceed.

shewn below, application of this technique to a con- 4) ~~ the following for all values of k:
catenated code with a very large number of codewords a) comrnite
resu lts in a maximum likelihood decoder whose complex- V(kJ) max [ V((k — i)~~ ~J ~ 1) + v(iJ)  ]
ity is not much greater than that required for direct
decoding of the inner code alone. where (k — i)~~~ , is the integer (k — :) if k ) i or

As stated earlier, we are specifically considering an the integer (k— i+q)  if k<i;
[N ,N —  I] outer code. The size of the inner code is the b) form a new path vector by appending the index I
same as q, the size of the outer code alphabet The that maximizes the above to the old path vector
technique for decoding a concatenated word can best be ~~~~~~~ With i~
visualized as a two-level soft-decision procedure, involving <P(k ,,j)> — ’(P(ij— l) , i>.
an interactive decoding of the inner and outer codes. 5) Re~~~ to step 2).Maximum likelihood decoding of any codeword is a 6) Perform steps 4a) and 4b), but only for k —0.soft-decision process in that individual (hard) bit decisions 

~ Stop.are not initially made. That is, the values of matched filter
outputs are maintained until the final decision is made as ~~ 

an eXaIfl~le, we illustrate this algorithm for the case
to the most likely codeword. Similarly the soft-decision of N—7 and q’- 3. Assume the inner code correlator
concept is extended to cover the two levels of coding that OUtPUtS V(IJ) 3XC already formed and are
form the concatenated structure. As each symbol of the
outer code (i.e., an inner codeword) is received, the q ~~~‘ 

J
log-likelihood terms corresponding to it are formed as in 

~N l 2 3 4 5 6 7
CD. However, we do not select the greatest of these terms; 0 j 1 1 1 4 2 4 3
rather, we use them to form. in turn. a higher level set of I 6 2 3 1 4 1 1
log-likelihood terms corresponding to hypotheses on the 2 ~ 4 4 4 1 1 2 8
outer codeword. The key to this technique is that it is not
necessary to evaluate hypotheses for each of the q 

‘
~ ~ The development of the outer code log-likelihood termspossible outer codewords; instead, only q hypotheses need and resultant path sequences is shown below.be considered.

The outer code log-likelihood terms are developed as Dec~ ing Pr ocedzwe
each symbol is processed. They represent the q possible
vajues of the sum (modulo-q) of the symbols currently a) Initially:
received. For each of these hypotheses, the most probable v(0,o)— osequence of symbols satisfying the symbol sum constraint
is determined. The most probable sequence is simply the V( 1. 0) — —

one with the greatest arithmetic sum of inner code log- V(2,O)”. _
likelihood values. The actual sequence of symbols is b) J— I:stored in an associated path vector. As successive symbols
are received, the log-likelihood terms and path vectors are V(0, l)” i3i (0+ 1, — 

~ +6, ~~+4)— 1
Path 0appropriately updated. After the last symbol in the word,

the parity constraint for the outer code demands that all V( 1, 1) ~~~ ( _ 

~ 
+ I , 0+ 6, ~ + 4) “6

hypotheses except the zeroth hypothesis be discarded. The ~~~~ 
I

most likely outer codeword is then specified directly by V(2. I) ma.x (—  ~~+l , —

the symbols stored in the zeroth path vector. “~~~ 
2

This decoding procedure may be compactly expressed c) J —2:
by the followir2 algorithm. We define the inner code V(0,2)~~max ( 1+1 , 4+2 , 6+4) ’- 10
log-likelihood term for the ith symbol hypothesis ~~ 1-.:

evaluated for the jth symbol to be v(ij), 0< i ~ q— I, V(1 ,2)—ma.,~ (6+ 1, 1 +2,4+4)—8I < j  ~ N. Similarly the (partially developed) outer code ~~~~ 2—2
log-likelihood term for the kth modulo-q hypothesis V(2,2) —~~~~(4+ 1,6+2. 1 +4) — 8.evaluated over the firstj symbols is V(~J), 0~z k~~q— 1, p..~ -.1
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— d )j —3 :  note that either scheme requires the formation of the set
of inner code log-likelihood terms. There are q of these,

V(O,3) — 
2-4...2 

( l0~ I , 8 + 3, 8 + 4) — 12 each of which is the sum of w of the square-law detected
matched filter outputs. The complexity of formin g these

~ V( I, 3)— max (8+ 1,I0+3,8+4)— 13 ~~~~ ~~ n be assumed to be proportional to the number of
- 

P*ih additions involved, which is q(w— 1). For the con-
: V(2,3)— max (8+ 1,8+3 , 10+ 4)— 14. catenated code, we must next for m q~ terms; however,

Path -• ~ these outer code log-likelihood terms are each the sum of
e) j —4: only two inner code terms. The extra computation is then

yb 4’— ‘12+4 12 + 1 13 1’ 16 roughly proportional to only q~ additions, for a total
~~~~ 

, 2~~2.*2...O ~ 
‘ , + I computational measure of q(q+ w —  1). The increase in

der~oding complexity is seen to be g factor of roughlyV(1,4) — 1_T~~_.0 (13 +4, 12 + I, 12 + 1) — 17 
~ ~~ q/(w — 1)), where the exact value depends upon the

- particular processor chosen. This factor is even smallerV(2,4) — max (14+4, 13 + 1, 12+ 1) — 18. when the formation and detection of the matched filter
Path I—2—2—.O . . -

- 
. outputs are considered. For our previous example usmg

~ 
f)j -5. the H(20,5) inner code,the increase indecoding complex-

v(0,5)— max (16+2,18+4 , 17+ l)—’ 22 it)’ associated with concatenation is at most roughly 4.5.Pith 1—2 ~~2-..0--.I We conclude that the decoding algorithm presented
~ V(I .5)— max (17+2,16+4, 16+ 1)— 20 m~~es the use of concatenated codes a feasible means of

Pt~h 2*2~ 2-.O-. I constructing constant average energy waveforms as well
- 

V(2,5) — max (16+2, 17+4 , 16+ 1)—2 1. as 3.11 attractive method for improving the performance of
— Path t~~2—L-.O.-.t a communica tions system with only a single level of

- g )j - 6 :  coding.

V(0 6) — max (22 +4 21 + 1 20+ 2) — 26
pa~ 

I-~2-.2-.O-..I -.O MINU4iTh( DISTANCE AND ORDER OV DIVERSflY FOR
- CONSTANT W~iosrr Bu~av Bwc~ CODESV(1, 6) ’. max (20+4 ,20+ l,21+2)—24

Path 2—2~~2-.0-.. I -..0 Let x and y be two words from a binary block code of word
- V(2, 6)— max (21+4,20+ l,20+2)—25. length n. Let w(x) and w(y)  be the weights of x and y, respec-

Path I-.2 I-.0-.1~ 2 
~~~ . Define 4(x,y) for i,j —0, I as follows.

~ 
h)j—7: d~Jx,y)—number of positions in which x has a 0 andy has a

- V(0 ,7)— max (26+3,2.5+1,24+8) — 32. 0.
Path 2-.2--.2-.O-. I -.0-.2 d~1(x ,y)—number of positions in which x has a 0 and y has a

- 

The most likely outer codeword is directly determined I.

~ from the symbols stored in the zeroth path vector at the d,o(x,y) numbet of positions in which x has a I andy has a
end of the procedure: (2,2,2,0, 1,0,2). We note that after d~1(x ,y) .. ’number of positions in which x has a 1 andy has athej — 3 calculations, all path vectors have as their second
symbol the value 2. Thus at this point a “hard” decision
has been made on the second symbol. Similarly, afterj—4 Note that
he fourth symbol is fixed at the value 0, and afterj— 5

- the fthh symbol is fixed at 1. d,,1(x,y) +d11(x,y) — w(y)
- The decoding algorithm as presented here involves d,~(x,y)+d11(x,y)— w(x)

- some awkward and time-consuming manipulations involv- 41(x,y)+d1~,(x,y) — d,,(x,y)
ing the path vectors. It was presented in this manner . .

. . where d0(x,y) is the (Hammm~) disiance betwees x and y,merely for the sake of clarny. An eqmvalent procedure 
~~~~~~ by w(xey) where e is the “exclusive or” functionwhere the path vectors need not be moved and the symbol (~~

j
~~~~~y ~4~jtion over the binary field). For a constant

- 
indices are directly appended to them can be used instead. wa~~t cocie, we have
(At the end of ~ this decoding procedure, the outer code-

~- 
word is not directly available but must be extracted from 

w(x)—w(y). 1(x,y)~~d1~(x,y)— ,~d%(x ,y).

: the set of all path vectors.) In this case the updating of the ( c,nsider the entire code consisting of M codewords x1,x2,~ ~ ,: p4th vectors for each symbol processed has almost no XM. o~e can argue that the ‘~effective order of diversity” 1)~ of

~ 
impact upon the total complexity of the algorithm. The the code is given by the formula

~ 
complexity of the algorithm is then effectively that of 

D • rd
, Updating all the V(k.f) in step 4a), requiring the computa- . 

~~~ L ~~~~~ ~

~ 
tion and comparison of a total of q~ terms. ‘‘i

~ To determine the increase in decoding complexity due This follows from the argument that the decision between two
- to concatenation (relative to use of a single code), we first CO~~~~OI~d5 . and x~, given that . was uinsmitted. is eqwvaient
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to mAking a binary decinon betwsen two hypoth~~ H, and H~ ~~~~~~~~~~~ $p~y Rand Ccip.. Gi.si N.~~ NY. Pai. *3*10019.
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~~T.
under H~ ate noise components. The num ber d1~~~,x~) is these- çi~ ~ . i. v~~~ a~~ L P4. Jacobs Mv~~~~s z~ cadia~ a~6 modina.fore the dfective order of diver~ty in this decision pro~~s. ~ta  u~~ Ii ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~ff~ *.d by fa4~~ pst~a1 bs~d,
code with a variable distnbution of weights, the effoci~ve diver- ‘~~ ~~~~~~~~~ U1i&6T~~~~ ~ A~~JI~U ~
Li ~ tion ~~ll •th th codeword ti~ansmitIcd ‘~ 

,
~~
“

~
“ I” 

~~~~ 
~ ~ I. Vii~t~, Ed. New Yoà~ ~~‘-‘~~‘-~~. 1975.t)f 1~~~c9 valy wi C an.~, - -  - - f • •

Cr ore, sonic 
• 

will be ma& with more ood ~~ ~~~~~~~~~~ iw rro~s. ~~~~~~ ,c~. ~~M-24, pp. 164—172,error (lower div~~ ty available) thait others. This leads to a Feb. 1976.
biased decoding proce~ whose performance is hard to define l~1 P. M. Hahn. 1bs~ e~~ i d~~ ity imp~o~’c~~~t ~ muItAp~c
and which intuitively can be expected to be pooser than in a ~~~~~~~ ‘~~ ~

-_
~~I

_ 
~~~ Ti it. C~~~~ 5’ss. i’oL ~S-H~ ~~~ .

. . 177—164. J~~ I~~~.more balanced ~~ &tioi~. . 110] ~. N. Pi~~z, “Thcoic~~ I div~~ ty üiqiw~~ n~ it ~a frtp.~~cy shthWe now consider a fixed weight code, for which ~~~~~ Pr~ . ME, ~‘oL 46, pp. 903-910. May 1958.
I t ill E. L Bcrlckamp, 4 , ~ c Co~i~ 1~~~ . N.w Yo& M~~m’w.

D.—~~~~in [dM(~~~ )]. BilI,196&
‘ U 1121 F 3. Weldon, Jr., ~Decadiri~ b~ azy bkck cads ~ q-cy c~~~a*J chaanã,~ IEEE Trw. Inf ~vwt. 77~~ ’y ,  voL IT..17, pp. 713-118,

Since the last expression just defines the minimum distance of Nov . 1971. 
. . .

the code, ii follows that 1131 0. D. Fon~cy. Jr., ‘G~~c~üzed ~~~~un diaaz~cz dscodirg~J ELE Th~u. J~~ m. Thw.y. vol. IT-U, pp. 125-131, Apr. 1966.
D•— fd~ . [14] D. chuc~ A clus of algorithm tot decodthg b’ock codes wiib

channel ~~wu:e~~c~ t thIOTmIUOt. IEEE T~~’a. Jnfrm. ~~~~voL 1T-18. pp. 170— 182, Jin. 1972.REFERENcES tt~i a. o. ~~~~~ A decodiog a~gcrith~a fcw bfl~ary blo& cad~ and
J-aiy ouiput thannth,~ 1W Tra’a. Inform. Th~~y, voL IT-20,[11 J. M. Wozcno*It and L M. Jacabi, hinc~,ic of Co’m’wUcand~e pp. 391—394, May, 1974

En*v.wvig . New York : Wiley. 1965. 116] S. Wainberg and .1. K. Wolf , ‘Algebraic decoding of block cad~(21 N. T. Owder. “Ség zai de~~i for fut-fading Gaussian ~~~~~~~~~~ ~~~~ ~ ~~~~~ z~~~~ , ~~~~~ ~~~i~~~t ~~~~~~~~ Q > g, “~
j
~~ C~~ r,

1W Trwu. Jafcv,n. Thec,y, vol. IT-17. pp. 247-256~ May 1971. voL 22, pp. 232-247. 1973.
P1 A. J. Vuterbi . ‘Convolubonal codan and thá performance in [17) 1. K. Wolf . ‘Effi~~~t maximwn likc~~ood dtcoding of bnei

co=unication sy ten~s.” IEEE Tr~ is. C~~wwit. Technol., vol. block codes u~mg a u~flia,’~ IEEE Traits. lnjcr ~~ Th~~~, vol.
COM-19. Part 11. pp. 751—772, Oct. 1971. rr.2~ ~~ . 76—81. J~~, i~i*.[4J W. W. Pet~ion and E. I. Woldon, Jr., £,vor-Co,v~W~ C~~~. [18] A. I. Vj i~ bj , ~~~~~~ boimth for canvoluñonai cadc~ ~ d an
Cambridge, MA: MIT, 1972. uvnipsoticaljy optimum dccodthg algOtithizi,” 1W T’we. I.-

151 C S. Miller, Mulsifrequcncy ~~~municañcn syai~n for fading fo.’m. Theo.y, voL IT-13, pp. 260-269. Apr. 1967.
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Seine Very Simple Codes for the Noasynthonized z
Two-User MUIt1p~e-AcceSS Adder O~ nneI wIth

BInai7 IDpUts ~~ 
1. MU1tIP1S.S

~~~~ F~~i ~dda~ ~~~~~~

MIOIAEL A. D&~.frT. ~~~~~~~~~~~ ~~~~ AND JAcK K. WOLF.
P!LL0W, ~2

1 .0 •—.——--—~A~~uø~—Sc.s ,
~7 ~~~~ ~~ ~ ‘ — fM the t~~~•4fl~~ ‘~~~f~-

~~~~ ~~~ ~~~~ 1 w*th b~~ y ~~~~ ~ ~~ 
. 
PS— ~~~~ ~~~ b~ S

~~~~~~ b.e(w~~ ~~~ ~~~
(

~Wkr. ~~ ~~~~~ ~~~ ~~~~~doi ~ ~~~

~~~~
0.5I. I?(T100tJCTXON

A two-user multip1e-acc~~ adder channel with binazy inputs ‘

~a thannei with two inputs x~ and x~~(x~,x2E(0,l}),a smg1e
~rpu1,y (jE(0,1,2)), -wh~ ey is given as ~ 

~~ ~~y— x 1+x2
154 + tfldic&t5S addition of real numbers. As functions of time rig. 2. Two.wa ~ ~~p.~~iy ~~~~~~ R, +R2 — Ii—ma.umum r.*c. ---- TOM
-.3e input and output ~ n be either s~ uences of symbols or
aivefornis.

Two independent message su~esms are to be ti~ansmitted over s,.. ~~~~ j~ ~ p~~~~~~~ some vety simple codes that can be asedd~ channel. one via each input port. As shown in Fig. 1, the when synchronism is not present. We begin by retaining theneoders for these inputs are separate devices that are assumed 
~~~~~~ of bit synchronism. Later we will show that the

{O act on their respective message streams without cooperation. ~ ~~~~~~~~~~ ~~~~~ equally well ~~th or without bit syn-The decode?s task is to obseive the channel output and to ~~~~~~ We will elway~ be concerned with codes that yieldt~ithfully reproduce the two m~~age sU~eams (or equivalently ~~~ ~~~~~ of error after Synchronization is achieved.
~4 tWO channel inputs). The task of the decoder is made
difftcuk by the ambiguity when a one is received; this could fl. g

~~~save been produced either by the input pair (Xl,X L)-(O, 1) or by We first consider a class of block codes for both encoders.(z ,,x~)— ( l,0). 
. Encoder I uses tWO codewords of block length X~ the all-zeroL The rate of tr~n~m~ sion of the ith encoder R, is defined to be 

~~~ and the all-one word. The rate for this encoder is thustbe ratio of the number of binary digits in the :th message stream 1/K. ~~~~~ 2 uses all binazy codewords of length N such that!O the nuniber of binary digits in the output of the ith encoder, 1) ~~ r~~ ~~~~ ~ ~ zero and 2) the word does no~ contain Kls i- 1,2. The capacity re~ on for the ~h~mi4 is defined as the conzccu~ve ones. We will later compute the rate of this code,
~ of rate pairs (R 1,.R~), which allow an arbitrarily small error but tim we show that such codes lead to zero probability of
~o~abthty in the decoder output sequenon. The capa~ ty reg on ~~~tOt this cbanne1ugiveninFig .2 andwas dgrjved fl~~3) undgr a ~~~~~~ 

-
~ 

~~~~~~ ~~~~~ bIt ~~~ not block) synchronism. the~etain assumption regarding the synchronization of the en- 
~~~~~ ~~~~~ ~ a sequence of symbols from the alphabetnders and of the encoders and the decoder. ; (0 1,2). The decoder examines the re~~ved scquenc~ until a runThe basic assumption of a multzple-ao.ess channel is that the of exactly K consecutive nonzero symbols has been received.

~
coden are to operate mdependentl~’ of each other. Yet in the 

~~~ ~ the symbol, peeceding this run and the symbol im-
~~ 

derivations of the capacity region for this channel, it was me~iiate~y following this run must be a zero. Such a run cantuumed that the encoders util~~d block codes and that the 
~~~~ ~~~ ~~~~ ~~~~~~ I ~~~~ the all-one word in block

~ncaders produced coden~ th that ~~ e In black and bit iynchro- ~~~~~~ with ~~ ~~~ . r~ h an output sequence will
~~~

. F~ t~e~~o~ it was w’imed that the decoder was in block ~~~ ~~~ ~~~~ one, the decoder can attain biock syn-
~d bit synchzo~j~~ with the ~ cod&s.~ ~~~~~~~ 141 ii was ~~~~~~~ with ~~~~~~~~~ ~. ~~~~ ~~~~~ thes examin~ the entireiOWa that the same Ca~5~~t)P TC~iO~ applies whesi the wumP- 

~~~~~ output SC~UenCe through a K-symbol ~ e window that iiun ~ block synchronism b~tW~Cfl eDCOdei~ ii dropped. How- m block synchronism with Encoder 1. All K bits of each word
~~~~

.
, bit synchrom~~ betwees encoders wu still assumed as well ~~ L,~ ~~~~~ if and only if Encoder I transmitted the all-onea bIoc~ syucbronjsm between the decoder and one encoder. 

~~~ d~th~ ~~ block. The d~~ der has now determined theP: channel input sequence supptieci by Encoder I . The decoder
co~~~ tca the decoding by subtracting this s~~ucnca front the

Manspa
~ipt r~~~~~ 4 No,.mb~~ 2*, 1977; ‘e~~ d F*raat~r 3. 1975. T~~ received sequence to obtain the se~ucn~~ produ~~ by Encoder,rt ,

~~ lu;lpor- ~ ,n pin by tb. A~~ Fo~cs Office ci Sórntthc R.~~szcb
‘d~ O~u*i ~ FOsR.7s.2~o i. T~~ ~‘c~~ w a  p v s ~~~~ ii th IEEE thi~~n~ - 

~~ ~~~~~ %,~ ~~~~~~ m’~~~t t~ic same codes and decoding aigo-
~ ~

°

~~~~
=‘: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~~~~ ~~~~ ,

.
fl - .~~~ ~~~~~~~~~~~ ~~, ~~~~~~~~~~~~~~~~~~~ Now ench encoder_-L Ua*,w~ ty o( Maa~ c~~a~~~ A~~ s~t. MA 01003. is assumed to Pecduce pulses of he*~ht ~~o or one and duration

~: ~ 0018.-944$/7*/0900-0635$00.75 01978 IEEE
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- 636 __ 1zai~acn~~ ON a~ cs~~ s~cai ~~~~~~~~ “a. er-a, ~~ . s, ~~~~~

~ T0 ~ condi The decoder ~~~~~~~~~~~~~~ the ~~~~~~ ~~~~~ ig ~aveform 1.2 ,

~ 1oo~ ng for a waveform that is nonzero for es*ctiy KT~ w~r~~1s.
~ Such a waveform r~ uIts only if Encoder 1 baa ti~anamincd the
- aU-one word in b’ock .yDchrou3i~n with this KT~ s~c~~d ~vgn~nt -

~ of the ou*pw waveform. The decoder now baa cst~bhihed bkick ~~ - - -

~
- syachrc~~~ with Encodcr I. Locking thmugh a w~ dow of ~ P ~ 7 -. 

~~~~

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ 1.~ — —

~ 
the waveform transmitted by Encoder 1. SUbUactiDg this wave ~~~~~ . ..- .

1~ form frcan the received ~gnal r~ uhs in the wavefosm produced ~ ~ -

~ 
by Encoder 2. Block iynthronization to the codewords of Code ~~ 

— - —

~ 

~~ 
be athieved by many different mcans at a negligible raze ~

- 
~~~

- 

To determine the rate of Encoder 2. we give a co~~~uctive ~~ ~~~~~~~
. — £ — .L .

~~

~ procedure for producing all the codewords satisfying the two ° ~ ~~ U 20

~~~~oea1y mentioned conditions. Suppose we fix K as~d have ~~~ i~~~~~-.

~ 
alr~~dy produced aets of codewords satisfying the condizioi~a ci

~- 
block length l,2,~ 

. . ,,.N...~ ~. We wish to find a code of b’ock ~~ ~ 
c.--~ ~~ $C~a1 t$*C fC~ t2 .

~ 
length N. Let us ap~~~ a prelix of a zero followed by (i-i)

- 
ones to the codewords of b1ock Icsigth N—i for i~~1,~ ...,K 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~ 

and 
• 
conai~~ the enm~ collection of words f~~med in this ~~ codewo~d~ (00, 1 1 ). The raze of the code is .R — 0.5 ~

~ 
fashion. It can be verified that the sequenc~ that result will 

~~~~~~ 2 use the two codewords {0,01 ). Such a cod~ will nev~
~

- a) all be distinct. exhibit a run of two cona~~~~ve ones so that the an~ e decodisg
b) all begin with a mm ‘

~~
°

~~~~~~~ ~~~ 
t~ USed as for the block code with K-2. Ti’o

- c) have no rim of K consecutive on~ , and ~~~~~~ Z*l~ E ~~fl be ‘~a1enlated for Encoder 2. 11 the Encoder 2
d) forin an the codewords of block kngth N with the des~ed ~ses the ~~~ codewordz ~~~~~~~~~~~~~~~~~

codeword 0 with probability p. the av~ age raze ci the ~,de ii
- Let GA~(N) be the number of codewords of length N. Then from R2-(-piog~p-(l -P) lo~i (l-p)l/(l i+2(1-p))~ The nazi .

- 
the above construction, we have m~~ rate oc~~rs for p—(\/3~ — 1)/2 or niax.,R2—0.694. T~~ Gg(N)’-Gg(N-I)+GK(N-- 2)+ .. .  +G~(N—K). resulting rate wm is thus the ume as tbas cf t& Jimñing taic oq

. . . . the block ocde. Th~ e results are tabulated as follows.
- Such constramod binaiy s~~uences have been considaed previ-
- — f~~ 7~- By standard techniques for solving linear differen~ equations, ~ 

R2 R 1 +
GX ( N )  ~s given by equal prob.bihty codc~ordi Oi tl.666 1.17

K 
inazzmum~~de rite 0.5 0.694 1.l9

G1(N)— ~ c,AP v~is~ ~~~ ~ode~ can be produczd that are analogous to ~‘-I block codes forl>2.
where the ~ are the K solutions to the characteristic equañon

Xr _Ak~~~+A1 2 +.  .. 
~~~~~~~~

- It ~ natural io consider codes that do not zcquire synduontia-
For large N, G,(N) is then asymptotically given by D~OD for the binaiy input adder ~~~~~~ for L uses whae L>L

- The codes that have been towed do not compare well with Ibe
G~(N )aiCA~~ maximtmt s~su of the raim predicted by the capasit y repon f~

the ~~~~~~~~~~ which for laige I. is approximately [81

- 
~~~:i 

Aaii ’-m*x,A~. The limiting rate of the codes for large N is 
(R +R + . . .

. Io~2G~(N ) it ~p,n~int an op~~ problem to find ~~od codes that do ~~(

~ 
R2 ~~UZ* N ‘-lO$ZXUI.r require sync~izonizanon for L>2.

-- Since X~~-.2 as K.-.on, R~—.1 for v~y Iai~ge K. A table of the
l~~1ing i~~t~~ for maall values of K Is as follows.

~ ________________________________________ III L Akiswndc, “Multi-way ~~~~~~~~~~ ~~~~~~ S~~~ J

~ K R A R +1 ~*“ ~~~~~~~ T~~ksdw’r, Ai~~~~~~ ~~R, 1971.

~ ~ 
I 2 I 2 (2] H. Limo,

1 2 0.5 0.694 L19 j~,s. Sy,,.. 1n ~~~~~ ~~~~ c.~., i~~.~ 3 0.33 0278 UI 131 D. ~~pian and .1. K. Wolf. A cethag thso,~~ for ma~t*
- 4 0.25 0.947 1.19 ~~~~ 

w~~ ~~T~~$j d aow~~ . 1577. voL. 52. pp. IW ~7-IO7b . i91~
- 5 0.~ 0.975 1 17 ~~ L I. Mc~~~~ and E C. ~~~~~ “Muii ~p~m ~~~~ ~binnth wi~~~~
— 6 0.167 0.9~9 1.15 ~~~~~~

“
~~~
“
~~~~‘°“‘ C~~) i R~~ ICC 17. voL 2, pp. 293. 246-~~ ~~~

~ 
151 C. V. Frs~~an and A. D. Wyn~~, “Op~~~vm b~~~ coda kw

~ The maximum ama is obtained for K— 3. ~~~ ~~~~~~~~ d~a~Eck, Isf.w.. Ca~~ _ ~oi 7. pp 395-415. I~K

~ It is *1w of inierest to ewnine bow the sum of the rates varies ~ 
W. H. K*un, “Fibon*~~ ~~~~ I~~ ay~~~~~~~uoo ~~~~ CL 1W

- 
U N~ incteasea and K is fixed. This growth in total rate is p~ot1ed 

~~ ~~~ ~~~~~~~~~~ ~i
~ 

m Fig. 3 for K—2 . ~~~~~~~~~~~ ~~ann~~~~ is~~~ t cawr .. vat. i7. j~~~. 436-461, ~~
I An alteru&twe coding technique Is to allow one or both t~l L K. Wolf. “MU1~~~~~ ~~~~~~~~~~~~~~~~ IPP~~ ~

~ 
:7=be~~ ~ ?~~~~~~th=~~~~=
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A SHORTENED V I 1ER B I DECODING ALGORITHM

FOR TERM I NATED RATE 1/N CONVOLUTIONAL CODES ~1ITH HARD DECISIONS*

By

Dev V.  Gupta **
and

Jack Keil Wolf***

ABSTRACT -

An algori thm for maxim um likelihood decoding of terminated rate 1/N

convolutional codes with hard decisions is presented which is based upon ,

: but is simpler than ,the Vi terb i algorithm. The algorithm makes use cf an

algebraic description of convolutional codes introduced by Massey. For

‘ reasonable values of the probabil ity of error the a1gorithm is shown to

produce substantial savings In decoding complexity as compared with the

Vi terbi algori thm .

*Thjs work was supported by the United States Air Force , Office of
Scienti fic Research under Grant AFOSR-74-2601 .

**Fo~~er1y of the Univers i ty of Massachusetts , now with Bell Laboratories ,
North Andover , MA 01845..

***Depar+~ent of Electrical and Computer Engineering , University of Massachusetts ,
Amherst, MA 01003.
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0

!. INTRODUCTION

A decoding algori thm is developed for terminated rat

y 

codes which is based upon an algebraic description of suci

by Massey [1]. This algorithm can be applied to a receivi

components from the same alphabet as the transmitted code

ithm uses the Viterbi [2] decoding algorithm as an essenti

it is simpler than directly applying the Viterb i algori thn

manner.

I 

The basic steps in the algori thm are as follows :

Step 1. A code word which is easily calculated from the r

is subtracted from the received vector leaving a

ends in a stream of zeros.

Step 2. The Viterbi decoding algorithm is applied to the

in Step 1 resulting in a tentative code word . Si

to be decoded ends in a stream of zeros , a short

applied to the Viterbi decoding algori thm to prod

word.

Step 3. The code word used in Step 1 is added to the tent

word found in Step 2 to yield the maximum like lih

The savings in decoding complexity occurs in Step 2 w

cut is applied to the Vi terbi algorithm . In this step, th

decoding algorithm is applied until one comes to the strin

zeros. From that point , the algori thm imediately produce

code word . The efficiency of this technique depends upon

the terminating string of zeros . We will show that the le

string of zeros is no less than the number of error free d

at the end of the transmission of the terminated convoluti

0
~ 0 .0 0 0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2

II. FORMULATION AND NOTATION 
0

Let the polynomial representation of a sequence of elements from

GF(q), a0, a1, ..., a~, be a(x) a0 + a1 x + ... + ~~~~ Here x is an

Indetermi nate whose powers indicate the ordering of the element in the

original sequence .

A terminated convolutional code over GF(q) of rate 1/N has as its

code words, all sequences of elements from GF(q) whose polynomial repre-

sentation is of the form C(x) = a(xN) g(x). Here g(x) is a fixed poly-

nomial of degree r and a(x) is any polynomial of degree k or less . The

coefficients of g(x) are determined by the tap connections of the en-

coder and the sequence of elements corresponding to the polynomial a(x)

can be considered as the information sequence which drives the encoder.

The method by which the polynomial g(x) can be obtained from the encoder

can be deduced from Figure 1. Here g1 (x), i = 1 ,2, ... , N are the liii—

pulse responses of finite memory fi l ters, the outputs of which are multi-

plexed to produce the code word . We will assume that 9N(X) has maximum

degree of all such filters : that is

v = deg [g~(x)] > deg [g~(x)J , I = 1 ,2, ..., N

where deg [ ] indicates the degree of the polynomial contained in the

square bracket. Thus

r = deg [g(x) )=Nv +N -l

We note that we are dealing with terminated convolutional codes , which

are a special form of linear block codes . The maximum degree of C(x) is then

max deg {C(x)] = Nk + r = N(k+v+l) - 1
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3

where the maximum is taken over all input sequences a(x). The block

length , n, of the resultant codes is then

n = N(k+v+1).

The lineari ty property of the codes will be utilized in a later development.

Specifically, if C1 (x) and C2(x) are polynomials corresponding to any two

code words and if ~ and ~ are any elements from GF(q), then ~ C1 (x) +

~ C~(x) is a polynomial corresponding to a code word .

Again referring to Figure 1 , the encoding procedure used to produce a

F terminated code is to input (k+1 ) information symbols (corresponding to the

coefficients of a(x)) into the encoder and then input a string of v zeros to

clear the memory of the filters . This string of input zeros should not be

confused with the stream of zeros referred to in Step 2 of the decoding

algorithm . They are different creatures .

_____  

a(x) g1 (x)1~’~ 1
a(x) g2(x)

[92 X 1
a(x) • La(

~~
) g(x)

0 

g(x) = g1 (X
N) + x g2(x

N)

/ + + ~N-l g~(xN ).
— a(x) gN(x) /

~L 
gN x

Figure 1. Encoder for Convolu ti ona l Code

0 ~ 0 0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
0~ 0_ - .~ 0
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4

I I I .  THE SHORTENED DECODING ALGORITHM 
0

We assume that corresponding to a transmitted code polynomial C(x),

we have a received polynomial R(x) whose coefficients are from GF(q). We

define the error polynomial E(x) for a given received R(x) and transmitted

C(x) as

E(x) ~ R (x) - C(x). 
0

The decoder observes only the received polynomial R(x) and must deduce 0

which code word was most likely to have been transmitted . For a channel

whose errors are i ndependent of the symbols transmitted , the decoder must

choose the most probable error pattern based upon observing R(x). Any de-

coding algorithm which resul ts in the most probable code word is a maximum

likelihood decoding algorithm. The Viterbi decoding algori thm is known to

0 be such an algorithm . 
-

Sometimes ties occur in decoding in that several code words have the

same maximum conditional probability . In that case a maximum likelihood

decoder can produce any one of these code words. In the discussion to

follow , this situation will be ignored and we will always assume the de-

coder produces a unique maximum likelihood code word . However, our pro-0 cedure works whether ties occur or not.

0 Let a maximum likel i hood decoding algorithm decode R(x) to the code

word C*(x). Let R ’(x) = R(x) - C ’(x) where C ’(x) is any code word in the

truncated convolutional code . Then we have

Lenina 1: A maximum likelihood decoding algorithm will decode R (x) to the

code word C*(x) - C ’(x).

0 - -~~ - - -- -~~~

~~IlII ~ 0 0 0 ~~~~0~~~ 0 0. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ _ 00~~~~ 0 ~~~~~~~~~~~~~~~~~~~~~~~ .0 ~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~ 
- -- __ _ _ _ _ . __ ._

~
_ ___~~_

0 ___ 0.0______. ~~00
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Proof: Let C.(x) , i 1 ,2, ... , ~~~~ be the qk4I code words in the

truncated convolutional code . Having received R(x), the decoder chooses

the most probable error pattern from the set

k+l
{R(x) - C~(x)}~~1

By assumption this is the error pattern R(x) - C*(x). Having received 
0

R (x) = R(x) - C ’(x), the decoder must choose the most probable error

pattern from the set

k+l k+1
{R (x) - C~(X)}~ = {R(x) - C Cx) -

i=l i=l
k+l 

0
= {R(x) - C~ (X) }~

1=1

Equation (1) should be interpreted in terms of set equivalence , the last

equivalence resulting from the lineari ty of the code words . Since we

know that the most likely error pattern from this set is R(x) - C*(x)

= R’(x) + C (x) - C*(x), then the maximum likelihood code word based upon

• 
1 . observing R ’(x) is C*(x) - C (x). Q.E.D.

-, [j Leniia 1 is the basis for Steps 1 and 3 in our decoding algori thm .

We next concern ourselves with a method of choosing the code word

C ’(x) which is to be subtracted from the received vector in Step 1 of our

algori thm . Our criteria will be to find Vie code word C ’(x) such that

R(x) - C ’(x) is of least degree. The reason for this choice will be

appa rent later . We first note that from the Euclidean division algori thm

0 R(x) can be written as

r R (x) = q(x) g(x) + r(x) , deg [r(x)] < deg [g(x)] (2)

where q(x) and r(x) are respectively the quotient and remainder upon

— — 
—.—
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dividing R(x) by g(x). We next let q1 (x) be the sum of all terms in q(x)

having powers which are multiples of N (including x°). Then

q1(x) = q0(x
N) , (3)

and q(x) = q1 (x) ~ (q(x) - q1 (x)), (4)

or

q(x) = q0(x
N) + q2(x) . (5)

Substituting (5) into (2) results in

R(x) = q0(x
N) g(x) + q2(x) g(x) + r(x) (6)

We note that q0(x
N) g(x) is a code word in the termina ted convolutional

code.

Lema 2:

deg [R(x.) - q0(x
N) g(x)] = mm deg [R(x) - C~(x)] (7)

i

Proof: Assume the inverse. That is , assume there exists a code word

C(x) = a(xN) g(x), a(xN) $ q0(x
t
~), such that

deg [R(x) - a(~t~)g(~)] < deg [R(x) - q0(x
t
~) g(x)] (8)

From (6),

R(x) - a(xN) g(x) = [q0(x
N) - a(xN)] g(x) + q2(x) g(x) + r(x) (9)

Then

deg [R(x) - a(xN) g(x))

= max (ma x [deg[q0(x
N) - a(xN)J , deg [q2(x))) + deg [g(x)], deg [r(x)]}

• . - ~~~~~~~~ •~~~~~~ .- - - --~•~ - - - -S

~~~~ •.-~~~~~~~~ —--—~~~~ —.———. ~~~~~~~~
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> max (deg [q2(x)] + deg {g(x)], deg [r(x)]) (10)

= deg [R(x) - q0(x
N) g(x)]

which is the desired contradiction. Q.E.D.

Lenina 2 gives us the code polynomial C ’(x) = q0(x
14) g(x) to be sub-

tracted from R(x) to yield the maximum string of terminating zeros in the

resultant polynomial . We now examine the details of the Viterbi decoding

algori thm to see how to take advantage of this string of terminating zeros.

It is known that the code words in a terminated convolutional code

can be associated wi th paths through a trellis [3] having nodes

1=1 ,2, ... , s=q1
~”, j = 0,1 ,2,..., 1 = k + v+l . V1,~ is called the ~

th state

of the trellis at a depth j .  In general , many code words have paths that

pass through a given node V 13 . To perform maximum likelihood decoding ,

one must compare R(x) with every code word and compute a metric D(R(x),

C(x)) between R(x) and C(x). The maximum likelihood code word is that

code wordwith the smalles t metric. (The metric is chosen to be inversely

proportional to the conditional probability of C(x) given R(x).) For many

• channels , this metric is the sum of coefficient metrics between respective

coefficients of R(x) and C(x). That is , for such channels , if

R(x) = 
~ 

R~ x~ and C(x) = ~ C~ x~, then D(R(x), C(x)) = 
~ 
d(R

~
,C
~
). In

this case, the Viterbi algori thm has been used to save computation in

finding the maximum likel i hood code word . The basic i dea is that the

metrics for all code words are computed to a depth j in the trellis , (that

is , up to the coefficient of x 1’
~ 
j-l in R(x) and C(x)) as j is stepped through -

•

the values 1 ,2, ..., 1. If two or more code words have paths that pass

through the same state V ,~ , only that code word wi th the smallest metri c

. -
~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5—.—-- 
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remains in contention for the maximum likelihood code word .

We now examine a short cut for the Viterb i algorithm when it is

used to decode R ’(x) which is known to have all zero coefficients for

j = ~ + 1 , ~ + 2, ..., (k+v+l)N-l. That is , deg [R’(x)J = 
~~~. Define

— c~ + 18 = - 

N where rxl Is the smallest integer greater than or equal
n

to x. For each state V~~ we compute ~ mm ~ d(O,C.~(V1~)) where

C~(V~8) are the cocfficients of a code word with a path passing through

the state V18 and the minimum is taken over all such code woras. To

decode R (x), we use the standard Viterbi algori thm to decode to a

depth j = ~ in the trellis. For 1 = 1 ,2,..., 5, we add the bias to

the partial metric computed for the ~th node at that depth . The maximum

l ikelihood code word for R ’ (x) is then that code word corresponding to

the smallest total metric (that is, partial metric plus bias).

Combining all of these results we have the following decoding

algorithms.

Step 1. - For a given received R(x), compute q(x) and r(x) where

R(x) = q(x) g(x) + r(x) 
~ 

deg [r(x)] < deg [g(x)]

Let q1 (x) be the sum of all terms in q(x) having powers which are multi-

ples of N. Compute

C’(x) = q1 (x) g(x)

and then R (x) R(x) - C ’ (x). Let deg rR ’cx)] = e~ and let 6

Step 2. Decode R ’(x) using the short cut described above . This requires

decoding only to depth 8 in the trellis and adding a fixed bias to each

state. Call the resul ts of this decoding C~(x)

- - S
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Step 3. Compute

C*(x) = C ’(x) + C11 (x).

From the previous l eninas , it should be clear that C*(x) is the

maximum likel i hood cod e- word corresponding to the received polynomial R(x).

IV . SAVINGS IN DECODING COMPLEXITY (Binary Symmetric Channel)

When no transmission errors occur (or when the error polynomial is

i tself a code word), R ’(x), as defined in Step 1 of the previous algorithm ,

is equal to zero. No further decoding need then be done. Thus we dis-

tinguish between two cases , case 1 when R ’(x) = 0 and case 2 when R ’ (x) ~ 0.

Case 1 : R ’(x) = 0

Since the Viterbi algori thm must se trch to the end of the trellis

(depth T = k + v + 1), whereas the shortened algorithm requires no effort,
o the fractional saving in computation and storage = 1. Also the prob ability

that R ’(x) = 0 Is exactly the probability of undetected error which can be

expressed in terms of the weight distri bution of the code words . Thus , when

case 1 is true , the expected computation and storage savings are ,

S1 = l .• Pr [undetected error] > Pr [no transmission error] (11)

For a binary symmetric channel with error probability p,

s~ (1~~)N(k+V+l) (12)

Case 2: R (x) � 0

We first note that

= deg [R ’(x)] < deg [E(x)]. (13)

L ~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 
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Here R ’(x) is as defined in Step 1 of the previous algorithm and E(x) is

the polynomial corresponding to the actual error pattern which occurred

in the channel . This inequality follows from lemma 2 and the fact that

R(x) = C(x) + E(x).

For the binary symmetric channel with bit error probability p,

~r 
[deg E(x) = a] = p (1..~)N(k+v+l )~a~l a $ 0 (14)

Since in the ordinary Viterbi algorithm , we decode to a depth I = (k+v+l)

and in Step 2 of the shortened algorithm we decode to a depth

B = [deg [R
’(x)l + i

-] , we define the percent savi ngs S2 as

(15)

S2 is a random variable and we are interested in computing a lower bound

to its average value . Taking averages in (15) we have

~ T -~~~~(k+v+l) -~~ 162 T k+v+l -
But

8 =1~-~ 
1~~~

)
~ + <~~~~ ~~~~f~~x)]  +i]< ~~deg [E(x)] + 1 (17)

so that taking averages we obtain

i<~~- deg [E(x)] + 1 ‘ (18)

Using (14) it is a simp le calculation to compute deg E[x’J to be

deg [E[xJ] (1~~)N(k+v+1) + N (k+v+l) - 1 - N (l-p) (k+v+i) (19)

Thus a lower bound to the average savings is

_ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _.5— -~~ ~~~~-— -‘~~~~~~~ - ~~~~~~~~~~~.- 
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• 
- 

S2 
_LP)

~ 
P

where

• x~ ~ N [k+v+l] .

Finally combining cases 1 and 2, a lower bound to the average savings

is,

*

= 

~l ~~ 2 
= 

- (1 p)
X 

- p N + (1~~p) X (20)

where x~ is as defined before.

For the case N = 2, i.e., a rate 1/2 code this bound is plotted as

lines of constant average savings in Figure 2.

1. 
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Figure 2. Percent Savings Versus Error Probability and Block Length for
Rate 1/2 Binary Codes .
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ABSTRACT

ASPECTS OF THE ASYMPTOTIC EQUIPARTITION PROPERTY

(September 1976)

Robert W. Bernal , B.E.E., City College of New York

M.S.E.E., Polytechnic Institute of Brooklyn

Ph.D., Univers ity of t-iassachusetts

Directed by: Professor Jack Keil Wolf

Let Z = = ....,Z1,ZQ,Z~ : ~~~ (1 ,2 L)} be a set

of sequences of random l etters chosen from a finite alphabet; let

Pr(.) be a probability measure defined on the minimal a-field over

the cylinders of Z. This discrete time—parameter , finite alphabet

(dtfa) stochastic process is said to have the asymptotic equiparti-

tion property (AEP) If the limit in probability as n -
~ of the

random variable Cry) —in Pr(Zt+i ,Zt+2 ,Zt+~
) equals the same

constant for any fixed t. A dtfa process is termed regular wi th

respect to an arbitrary rv defined on it , if the time average of

the rv is equal to some constant a.e.

It Is shown that a dtfa process has the AEP If It is strict-

sense Markov—q and it is regular wi th respect the rv

-in Pr(ZtIZt_i iZt..q) note that stationarity of the process

_______________________ •S_s--5Os-_ -~S~~~..s ~~~~~~~~~~~~~~~~~~~~~~~~ 0 - - -
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To establish that the desired lower bound exists, the idea of
- 

compositional typicality is formulated. It is proved that if composi-

- • tional typicality Is demanded of the typical sequence—pairs , the

lower bound may be determined . Using this bound, the existence of

the newly Introduced partition is then demonstrated.

- • - - ~~~~~~~~~~~ .~. 
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Is not required . When q = 0, the process has i ndependent letters;

in this case it Is shown that possession of the AEP , regularity with

respect to -in Pr(Zt), and convergence of the time average of

E{-ln Pr(Zt)} are all equivalent. From thi s, independent dtfa pro-

cesses having the AEP are easily recognized and constructed; examples

given include time multiplexed information sources. Then a simple

• method is presented for generati ng Markov-q processes with the AEP ,
• by applying any independent dtfa process wi th the AEP as the input

to certain linear sequential circuits .

Ziv ’s necessary and sufficient condition for a dtfa process to

possess the AEP is examined wi th regard to regular Markov—q processes.

Application of this criterion to these processes is deemed to be.

difficult enough that no clear course is apparent which will lead

to the preceding results. The necessity for uniform convergence in

the statement of Ziv ’s Theorem is established . A missing portion

of the proof of the converse part of the theorem is suppl i ed.

Joint independent regular processes are considered . The

joint process must have the AEP , and the two component processes are
shown to also have the property. Sets of typical sequence—pairs

associated with the AEP are defined. A partition of an array of

these sequence—pairs whose existence is implicitly shown by Cover

provides a background for the introduction of a new partition of the

array. Existence of the new partition Is seen to follow from the

existence of a lower bound on the number of a certain set of typical

sequences .

- 
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0. Gupta , “An Al gebraic Description and Syndrome Decoding for

Rate 1/N Convolutional Codes ,” Ph.D. Dissertation , University

of Massachusetts , September 1977.

Abstract

An algebraic theory has been developed for rate 1/N convolutional codes

over GF(q). The fi rst part of this theory develops an algebraic descrip-

tion for rate 1/N convolutional codes by providing system theoretic insight

to a description previously proposed by Massey . The second part utilizes

the descri ption developed in the first part to develop a two-dimensional

syndrome definition for this class of codes. It is shown that the impulse

response of the encoding circui t is an adequate characterization of the

convolutional code generated by it. Using some properties that result as
— a by product of the algebraic description , a technique is developed to

obtain the minima l encoder that will generate a given rate 1/N convolu-

tional code.

The syndrome definition is used to develop maximum likelihood de-

coding schemes for rate 1/N e binary convolutional codes when the code being

used is terminated after k + 1 information digits and transmission is over

a Binary Symetric Channel .

The first scheme preprocesses the received polynomial , y(x), to find

the l east degree element in the same coset as y(x). It is shown that

trellis decoding this least degree element to obtain the maximum likelihood

error polynomial l eads to few computations and less memory storage than

conventional Viterb i Algorithm . This algorithm , called the Shortened

-— •-~~~ • - -~~~~ - — ~~ ~~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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Viterbi Al gorithm , thus ac”iieves computational and storage saving relative

- 
•, to the Viterb i Algorithm. In many situations , it may be used to increase

the rate of data comunication due to the increased rate at wh ich decoding

can be done. For a rate 1/2 code and practical channels , these savings

can amount to over 30% , provided k is appropriately chosen . It is also

shown that for a rate 1/N convolutional code the savings drop off as the

reciprocal of the expected number of channel errors when k is made large .

Algebraic maximum likelihood syndrome decoding is developed for a

class of Quotient Decodable rate 1/2 convolutional codes. This scheme

basically decodes the received polynomial , y(x), by algebraic manipula-

tions of its syndrome . As this scheme is not a search technique , it has

potentials of very fast decoding.

The feasibility of algebraic sequential decoding is also demonstrated

for genera l rate 1/N , finitely terminated convolutional codes . Again ,

the i dea is to draw suitable inferences from the syndrome of the received

polynomial , y(x ) .

Finally , using the decoding table approach developed by Slepi an , ex-

pressions are deri ved for the bit error and word error probability of

linear , binary group codes . This theory , when applied to rate 1/N ,

finitely terminated convolutional codes , shows that even though the word

error probability -+ ~ as k-+az , the bit error probability does not. An

upper bound on the word error probability is also derived and shown to

-. 1 as k-i-co . 
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ABS’~ ACT

Data C~~pres slot

( September 1, 1978 )

Joong Soo Ma, B.S., Yonsei University

M.S. , tThiversity of Massachusetts, Ph.D.., University of Massachusett~s

Directed by: Professor Jack K. Wolf

Th.is dissertation treats several problems related to the encod.ing of

messages with 1~ own and ~~~ own statistics. Among these problems are

finding the Euffman encoder lead.ing to the ni.im~m encod.ing delay, the

noiseless source coding of 1.i.d.. sequences of un.~~own statistics, and

the data compression of individual sequences with or without distortion.

A mathematical formula for the encoding delay in a Euffman encoder is

derived and an algorithm which m(rv~rn~i zes this delay is presented. Slmu.la—

tion shows that the variance of the time to encode and tran it the code-

word of a message is relatively insensitive to the compression ratio. The

mean of the encod.ing delay is much less than that resulting from conven—
O tional encoding schemes.

— 
An adaptive version of ~~annon ’ s encoding algorithm is presented and

is shown to be asymptotically optimal for i.i.d. sources of un3~ own statis-

tics. The Huffman algorithm and the Timstall algorithm are utilized, to

compress i.i.d. sources of ~~~~~~ statistLcs. S5.mulation results indicate

a rapid convergence to the minimum values as predicted by the entropy.

A modified version of the adaptive Timstail a1gorit~~ is shown to be

identical to the Lempel-Ziv algorithm. The adaptive Huffman algorithm is

modified in a s1~m1i ~~ ~n~~mer and its performance is compared through simu-
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lation with that of the Leinpel—Ziv algorithm for 1. i.d. sources and a

class of Markov sources.

The Leinpel—Ziv algorithm is utilized to compress individual sequences

with distoi-ciot. The sequence entropy of an individual sequence is de-

fined and an algorithm which lowers the sequence entropy by deliberately

— introducing distortion is presented with s~’~ulation results.
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